UNIQUE ERGODICITY OF HARMONIC CURRENTS ON 
SINGULAR FOLIATIONS OF 



Abstract. Let he a, holomorphic foliation of P'^ by Riemann surfaces. As- 
sume all the singular points of are hyperbolic. If has no algebraic leaf, 
then there is a unique positive harmonic (1, 1) current T of mass one, directed 
by JF. This implies strong ergodic properties for the foliation J^. We also study 
the harmonic flow associated to the current T. 
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1. Introduction 

Let J-'he a holomorphic fohation of the complex projective space P^. Our purpose 
is to study the ergodic properties of T, using the theory of harmonic currents as 
developed by the authors in [5] . 

A holomorphic foliation can be seen as a rational vector field in C^. Our goal is 
to develop an ergodic theory for the dynamics of such vector fields. The two main 
difficulties are: the presence of singularities (they always exist) and the absence 
(generically) of algebraic leaves. And hence it is not clear where to start the analysis. 
Our method is geometric but requires difficult estimates. To our knowledge, this is 
the first paper where global dynamical results for rational vector fields are obtained. 
The subject is classical and related to polynomial vector fields in M^. 

We first recall a few facts. Let tt : {0} P"^ denote the canonical projection. 
The foliation tt*T can be defined in C'^ by a global 1— form ujq = ai{x)dxi + 
a2{x)dx2 + a^{x)dx^ where the aj{x) are homogeneous polynomials of the same 
degree 5 >1 without common factors. Moreover since every line through the origin 
is in the kernel of they satisfy the condition ^ Xiai{x) = 

The degree of T is by definition deg T — d :=deg 5—1. It represents the number 
of tangencies of a generic line L, with T. Let Fol{d) denote the space of foliations 
of degree d. The space of coefficients of 1 forms of degree 5 is a projective space. 
The subspace given by ^ XiUi = is a linear subspace, so also a projective space. 
The subspace of 1 forms of degree 6 of the form HX where iJ is a homogenous 
polynomial of degree < 5' < 5 and A is a 1— form of degree S — S' is an algebraic 
subvariety. So together this gives that Fol{d) is the complement of an algebraic 
subvariety of some P^. It follows from the Bezout theorem that the foliation 
has a finite number of singularities bounded uniformly by some function of the 
degree. If in a coordinate chart U,J-' is defined by ui = a{z, w)dz + (3{z, w)dw^ then 
smg{T) OU — {a — (3 — 0} . We can assume that all the singular points are in the 
same C^, {p-j {a^, f3j)}j<N- 
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Definition 1. Suppose there is a change of coordmates around Pj sending pj to 
and such that ljo{z, w) = zdw — Xwdz + 0{z, w)^ where X = a + ib and 6 is a 
nonzero number. We say in this case that the singularity is hyperboHc and that we 
are in the Poincarc domain. 

The foUowing is a classical fact due to Poincare, see [5] . 

Theorem 1. Suppose that the singular point is hyperbolic. Then there is a local 
biholomorphic change of coordinates so that the form ujq in these coordinates can be 
written ujq — zdw — Xwdz (with the same X). 

We remark that the form coq is invariant under scaling except for multiplication 
by a constant which of course does not affect the zero set. Hence we can assume 
that the linearization is valid in a fixed large ball, in particular in a neighborhood 
of the unit bidisc. 

The following result is due to Lins Neto, Soares [T^] (we give only the two dimen- 
sional version, their result is also valid in P'''). The result uses Jouanolou's example 
of a foliation in without algebraic leaves. 

Theorem 2. There exists a real Zariski dense open subset Ti.(d) C Fol{d) such that 
any T C 7i((i) satisfies: 

i) J- has only hyperbolic singularities and no other singular points. 

ii) J- has no invariant algebraic curve. 

The global behavior of foliations is not well understood. It is unknown whether 
every leaf of a given foliation clusters at a singular point. This problem, known 
as the problem of existence of a minimal exceptional set is discussed in [51 and for 
example. It is conjectured in |11, that a generic holomorphic foliation by Riemann 
surfaces in P'^ has dense leaves. Recently Loray and Rebelo [13] have constructed 
non empty open sets of holomorphic foliations by Riemann surfaces in P'^ such that 
every leaf is dense. 

L. Garnett [lOj has introduced the notion of harmonic measure for smooth folia- 
tions (without singularities) of a compact Riemannian manifold. She studied their 
ergodic properties. The article by Candel contains a recent approach to that 
theory. In [8] the authors have shown that a laminated set in P^, without singu- 
larities carries a unique harmonic current of mass 1 directed by the lamination. Very 
recently Deroin and Klepsyn [^ developed the theory of diffusion on transversally 
conformal foliations and they showed that there are only finitely many harmonic 
measures. 

For holomorphic foliations (with singularities) of P^ the following analogue was 
proved in pj. It is valid for laminations by Riemann surfaces with a small set of 
singularities, see [T] and [5]. 

Theorem 3. Let be a holomorphic foliation ofV"^. There exists a positive current 
T on P^, of bidimension (1,1) and mass 1 which is harmonic, i.e. iddT = 0. 
Moreover in any flow box B, (without singular points) the current can be expressed 
as 

T = J ha[Va]dii{a) . 

The functions ha are positive harmonic on the local leaves Va and fi is a Borel 
measure on the transversal. The function H . B —f , H\y^ — h^ is Borel 
measurable. 
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Observe that if T is defined in B by a smooth form cjq, then T = 0. We will 
say that the current is directed by T . 

A theory of intersection of positive harmonic currents of bidegree (1,1) is de- 
veloped in pi. The main purpose of the present article is, using that intersection 
theory, to prove: 

Theorem 4. Let T he a holomorphic foliation in without algebraic leaves. As- 
sume that all singular points of T are hyperbolic. Then there is a unigue positive 
harmonic current T of mass one, directed by T . 

A consequence of Theorem 4 and of results from is that the foliations T 
with only hyperbolic singular points are uniquely ergodic in a very strong sense, 
see Corollary 2, i.e. the current T can be obtained by an averaging process on the 
leaves, whose limit is independent of the leaf. We will show, in Remark 2 section 
26, a similar uniqueness result for some classes of foliations with non hyperbolic 
singularities. 

Observe that under the assumption of Theorem 4 there is no non zero positive 
closed current directed by ^, see [5] and Brunella [3] for a general discussion of 
closed cycles on foliations by Riemann surfaces. 

The intersection theory of positive harmonic currents in |Fj is valid on compact 
Kahler manifolds. We just recall a few facts restricting to P^. 

Let T be a positive harmonic current of bidegree (1, 1) in P^, i.e. iddT = 0. Let 
oj denote the standard Kahler form on P^. Then T can be written as 



T = cLu + dS + dS + iddu 

with c > and S* is a (0, 1) form such that S, dS, dS are in and u E L^. The 
current dS depends only on T and is zero only if T is closed. So the quantity 
/ dS A dS which we called energy, measures how far T is from being closed. The 
expression 

Jt/\T:= J {civ + dS + dS) a {oj + dS + OS) 

makes sense and is finite. It is independent on the choice of S. Moreover if Ti and 
T2 are 2 positive harmonic currents such that J Ti AT2 = 0, then Ti and T2 are 
proportional mod (ddu). For currents directed by foliations and whose support 
does carry a positive closed current, then J Ti A T2 = implies that Ti,T2 are 
proportional, see [8] Lemma 3.10. On the other hand the currents directed by 
holomorphic foliations can be expressed in a flow box B as 

T^ J h„[Vc.]dti{a) 

as described in Theorem 3. It is hence possible to consider the geometric self 
intersection of such currents. More precisely consider suitable automorphisms <&£ 
of P^ which are close to the identity. For a current T directed by a foliation JF, it 
is possible to define the geometric intersection T Ag ^^^(T) as the measure on the 
complement of the singular points given locally by the expression 
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y , ha(j>)h'p{p)Sp dn{a)dn{f3) (1) 

where ^ denotes the points of intersection of the plaque La and the plaque 
{^e)*Lp and 5p denotes the Dirac mass at p. It is shown in [8] that / Ti A T2 — 
lim^^o / Ti Ag r2,e (13, Lemma 19). To show that / Ti A T2 = it is enough to 
count the number of points of intersection of a given plaque with perturbed plaques 
and estimate the harmonic functions. This is done in [8 (Theorem 6.2) when we 
assume that the currents Ti, T2 are supported on a minimal laminated compact set, 
which is transversally of class C^. 

Indeed the minimality hypothesis is not used and the argument there gives the 
following stronger result. 

Theorem 5. Let T he a lamination with singularities by Riemann surfaces in 
P^. Assume that there is a laminated compact set X without singularities. Then 
there is a unique positive harmonic current T , of mass 1, directed by T . 

Proof. We know there is a harmonic current Ti of mass 1, supported on X. Let T2 
be another such current directed by J^, but not necessarily supported by X. The 
argument in [8] Theorem 6.2 shows that hm^^o / Ti/\gT2,^ = 0. Hence / riAT2 = 0. 
Therefore Ti and T2 are proportional. □ 

We now deal with the case where the foliation is holomorphic and the current T 
contains in its support singular points (which are all hyperbolic). 
We will prove the following more general result than Theorem 4. 

Theorem 6. (MAIN THEOREM) Let T be a holomorphic foliation ofV^ without 
algebraic leaves. Let X be a closed invariant set for T . Assume that all singular 
points of X are hyperbolic. Then there is a unique positive harmonic current T of 
mass 1, directed by X. 

The result is valid for a laminated set {X, £, E) where X\E \s a. lamination by 
Riemann surfaces. The set E — {pi, . . . ,pi\ is a finite set and in a neighborhood Uj 
of every singular point pj we assume that X n Uj is holomorphically equivalent to a 
lamination contained in z = Cw^^ , \j = aj +ibj, bj 7^ 0. One of the consequences of 
the main theorem is Corollary 2 (section 26) which says that appropriate weighted 
averages of the leaves always converge to the current T. This is a strong ergodic 
theorem. The uniqueness of T also permits to show that A ^ Ta is continuous when 
A varies in a holomorphic family of foliations as considered in the main theorem. 

It is easy to see that dT = r A T, r is a (1, 0) form along leaves. We consider in 
Section 27 a metric gr ■= At and we show that the curvature k of that metric 
satisfies nigx) = —1- We also define a finite measure /it := ztAtAT. We have that 
the measures vary continuously with the foliation. The metric gx and the measure 
fiT were introduced by S. Frankel [5] in the nonsingular case. 



2. Proof of the Main Theorem 

Let T be a harmonic current of mass 1 supported on X and directed by J-'. In a 
flow box 
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J h4Vc.]dn{a). (2) 

We have to estimate the number of intersection points of a plaque with per- 
turbed plaques near a singularity and also to study the behaviour of the harmonic 
continuation ha of ha along a leaf near a hyperbolic singularity. 

This will give us that the geometric intersection is zero and hence / T A T = 0. 
Since T is arbitrary, the intersection theory of positive harmonic currents implies 
that T is unique. 

After a change of coordinates we do the analysis for the form luq — zdw — 
Xwdz, X = a + ib,b ^ 0, near (0, 0). 

In order to study positive harmonic currents near 0, we cover a deleted neighbor- 
hood of by finitely many "flow boxes" {Bi)i<ci<N , with £ Bi for every i. Each 
Bi = Si X A, where Si is a sector in C such that the map — > e'' is injective in a 
strip in the ^— plane 71 < < 72, with values in 5^, A is a disc in C, centered 
at 0. So the leaves in Bi are graphs over all or part of Si. We will consider them 
as the local plaques. For the sake of argument we will use the sector S given by 
< u < 27r. 

The strategy for the proof is to choose a family of automorphisms of P^, 
close to the identity and to estimate the integral (1) in the flow boxes (i3i)i<Ar. For 
that purpose we need to estimate the growth of the harmonic continuation of ha 
along the leaves and also the number of intersection points of a plaque La, with 
perturbed plaques L^. 

Away from singularities this is just the proof given in |8J for a lamination. In the 
present case we have to divide the phase space in many regions where the estimates 
are technically different. The estimates are different close to separatrices and in 
other regions. This requires a precise subdivision of a polydisc near a singular 
point. We will describe the subdivision in more details after stating Theorem 7. 

Consider again the foliation zdw — Xwdz = 0, X = a + ib,b ^ 0. Notice that if 
we flip z and w, we replace A by 1/A = A/|Ap = a/(a^ + b"^) — ib/{a? + 6^). We 
will assume below that the axes are chosen so that 6 > 0. However, it is important 
to note that the estimates are also valid if 6 < 0. The point is that it will be seen 
that the case a = 1 is a degeneracy that complicates the estimates. However if we 
flip coordinates, the constant a = 1 becomes a/(a^ + 6^) = 1/(1 + < 1. We now 
describe a general leaf. 

There are two separatrices, {w — 0), (z = 0). Other than that a leaf La can be 
parametrized by 



(z, w) 




z 




w 


= Q,e'-^(C+(iogl"l)/6) 


\A 


= 


\w\ 


^ — bu—av 



Notice that as we follow z once counterclockwise around the origin, u increases 
by 2tt, so the absolute value of |?x;| decreases by the multiplicative factor of e^'^'^^. 
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Hence we cover all leaves by restricting the values of a so that e~^'^^ < \q.\ < 1. We 
observe that with the above parametrization, the intersection with the unit bidisc 
of the leaf is given by t; > 0, u > —av/b independently of a. In the {u, w)-plane this 
corresponds to a sector S = S\ with corner at and given by < < arctan(— 6/a) 
where the arctan is chosen to have values in (0, tt). Let 7 := — , 7 1./ \ - Then the 

\ ' / I arctan( — 6/a) 

map (f) : T ^ maps this sector to the upper half plane with coordinates {U, V). 
The fact that 7 > 1 will be crucial, this is where the hyperbolicity of singularities 
is used. 

Let ha denote the harmonic function associated to the current T on the leaf 

La- The local leaf clusters on both separatrices. To investigate the clustering on 
the z— axis, we use a transversal := {(zo w^); |w| < 1} for some \zo\ = 1- 
We can normalize so that ha{zo,w) = 1 where {zo,w) is the point on the local 
leaf with e~'^'^^ < \w\ < 1. So {zq.w) = V'a(Co) = iJa{uo + iwo) with vq = 
and < Mo < 27r determined by the equations \zo\ = e""" = 1 and e"^'^'' < 
= e~^"°~°''"° < 1. Let ha denote the harmonic continuation along L„. Define 
HaiO := /i„(e^K+a°sl«l)/''),ae^^(f+('°sl«l)/'')) on Sx. 

Proposition 1. The harmonic function Ha '■= Ha o is the Poisson integral of 
its boundary values. So in the upper half plane {U + iV; V > 0}, 

HaiU + iV) = ljyai.)^^^^^,d. 

[for a.e. a,d^]. Moreover, 

/ / Ha{x)\x\^~^dxdiJL{a) < 00. 

Je-^^'><\a\<l J -00 

Proof Let ^„ {(zq, w): cr'^^Hn+i) < |y,| < g-^'^''", n = 0, 1, . . . }. The holonomy 
map around {z = 0) as described above gives a map 

The transverse masses of these sets are /^^ Ha{Co + 2'Kn)diJb{a) = Bn{Co)- The 

functions -Bn(C) harmonic on {v > 0,w > —av/b — 2'iTn}. Since the transverse 
mass is finite on (z = zq) and since the annuli A„ are disjoint we get, 

00 

^S„(Co)<cx). (*) 

n=0 

We get a similar estimate along the other separatrix. It follows that 

[ ( [ Ha] dn{a) < 00. (3) 

We show now that for almost every a, Ha{x,y) is equal to the Poisson integral 
of its restriction to t/ = 0. Every positive harmonic function on the upper half plane 
can be written as a sum of a Poisson integral and cy,c> 0. The problem is to show 
that c = 0. 

We consider the restriction L'^ of La to the bidisc A^(0, e~^). The leaf L'^ equals 
i'aiS'x) where S'^ := {v > l,u > —av/b + l/b}. The image of this sector under <j) is 
a domain of the form „ = {a; + iy; y > "Yaix)} where 7^ is a continuous strictly 
positive function so that 7^ — > +00 when \x\ — > 00. The function Bi is bounded on 
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the edges of S'^. So Bi := Bi o cf)^^ is bounded on the graph of 7^ and hence there 
is no term cy,c > in the canonical representation of Bi. The same argument is 
vahd for the functions Ha at least for fi almost every a. 

It follows that the representation as a Poisson integral is valid. On the other 
hand estimate (3) can be read as 

/ / Ha{u)dudii{a) < 00 and 

Je-^^>'<\a\<l Jo 

/• /'OC 

Je-^^>'<\a\<l Jo 

which gives after a change of variables the estimate on the growth of Ha ■ 

□ 

Corollary 1. Let he a foliation as in Theorem 6. Then for any positive harmonic 
current T , directed by T , the transverse measure /i is diffuse. 

Proof. Assume /i has an atomic part i.e. a Dirac mass at p. Let L be the leaf 
through p. The restriction T to 1/ is a non zero positive harmonic current. We can 
normalize so that the transverse measure is one. Then we have a positive harmonic 
function h defined on L. 

If there is a flow box B, away from the singularities, such that L crosses B on 
infinitely many plaques on which h is bounded below by a strictly positive constant, 
then we get a contradiction because the mass of T should be finite. In any flow box 
the leaf must intersect in infinitely many plaques Pj and the harmonic functions 
hj — h\p. must go uniformly to zero as j —* 00. 

Let / denote the lifting of the harmonic function to the unit disc, so f — h o (j) 
where </) : A ^ L is a universal covering map. Since / > there is a set S C dA of 
full measure on which / has nontangential limits /(e*^). 

Lemma 1. The function /(e*^) = a.e. on S. 

Proof. Suppose that f{e'^°) > 0,6o e S. We consider the curve 4>{re^^°). By the 
above argument, it follows that this curve can only intersect finitely many plaques 
in any flow box away from the singular points. But if some plaque is visited infinitely 
many times as r ^ 1, we see that h must be constant on this plaque, hence constant 
on the leaf, a contradiction. It follows that the curve converges to a singular point. 

Then it follows from [5], p 991 that this only happens on a set of measure 
because almost every radius leaves some ball around the singularity. 

□ 

A consequence of the Lemma is that the function / is given by the convolution 
of the Poisson kernel with a singular measure. This implies that the function / 
is unbounded. Outside any given neighborhood of the singular set the function 
must be uniformly bounded. But then the Poisson integrals of Proposition 1 are 
also uniformly bounded. Hence by Proposition 1 the function is uniformly bounded 
everywhere, a contradiction. 

□ 

Remark 1. It is convenient in some later calculations to replace |a;|"'^/'''~^ by (|a;| + 
1)1/7-1 in ii^g integral of Proposition 1. By Harnack, this doesn't effect the order 
of magnitude of the integral. 
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We decompose a leaf La into plaques La.n where 2n7r < m < 2(n + 1)tt. Here n 
is an integer. [ Note that if a < 0, these n must be positive to have a nonempty 
intersection with the bidisc] In this way La,n is a graph over some part of the z— 
axis. 

We let (z, w) be a point in La parametrized by a point {u, v). We write in polar 
coordinates, u + iv — pe'^ with p — + -y^, 61 = arctan(w/M). Then in the (C/, V) 
plane this point corresponds \,oU ^ iV = (j){u + iv) = {u + iv)'^ , 

U + iV = p'^e*''^ = p'' cos{j0) + ip'< sin(76l). 
We hence get the following formula for the function Ha {u + iv) : 

Lemma 2. 

Ha(u + iv) — — [ Haix)-. . , ^xxC ^^^^^^-^ , „ss„ dx 

Now we write the formula for the perturbed foliation JF^ = where $e 

is a family of automorphisms of P^. We will need as in [8] that all our estimates 
stay valid when composing $<: with in a neighborhood of the identity in U{3) 
(depending on e). We will need that $e moves the singular point in a direction 
away from the separatrices near all the hyperbolic points. We also need the $e to 
have a common fixed point p in the support of T and that the tangent space of the 
leaf through p moves to first order with e. So we write in 

w) = {a{e),(3{e)) + {z, w) + eO{z, w) 
with a'(0),/3'(0) ^ 0. We will also need that A ^ /3'(0)/a'(0). 

Suppose that (z, w) is a point in the perturbed bidisc <i>e(A^), not on an indicatrix 
of J^e- Then ^~^{z,w) is on some plaque L^^^ with parameters {u',v'). We ignore 
the problem that we need u' ^ 2tt because we can also use other flow boxes. The 
original point (z, w) is on a plaque ^ and we get: 

Lemma 3. 

1 f ~ (r')'^ sm{-j9') 

Hliu' + iv') = -] HIiy) 3i^(^0,))2 ^ (y _ cos(70'))' '^^ 

Next, for each (a, /?, to, n, e), let Ia,f3,m,n,e denote the set of points p in a slightly 
smaller bidisc which belong to La^n^L^jj niain technical result is the following 

Theorem, which says that the geometrical intersection is zero, so that the current T 
is unique, see section 26. 

Theorem 7. 

l^^o X! ha,n{p)hp,mip)dp{a)dp{P) = 0. 

Proof. During the proof it will be convenient to divide up the region of integration 
into several pieces. For constants < c < C and ^ > 0, we consider the regions 
around one of the finitely many singular points. The regions are defined as follows: 

Di = {{z,w);\z\ < C£,\w\ < ce} 

D2 = {{z,w)-\z\<Ce,\w\<C€}\Di 

D3 = {{z,w);\z\<5,\w\<6}\DiUD2. 
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By [8], for any given S > 0, the contribution to the integral from outside these 
regions goes to zero when e 0, this uses that the measure is diffuse. We will 
subdivide the regions Di, D2, D3 further. For most of these new subregions the 
contributions go to zero with e. But for some of the subregions, we need S to go to 
zero for the contribution to go to zero. Hence in the following arguments, i5 will be 
an unspecified small number which will later go to zero. So the way the argument 
works is, in order to show that the integral becomes smaller than some given t > 
when e — *■ 0, we first fix a very small S and then let e — *■ 0. This is the case at 
the end of Sections 8, 9. We will constantly use the finiteness of the integral in 
Proposition 1, in order to show that the limits are zero. 

The constants c and C are determined by the geometry of the leaves near the 
singularity. We choose c > small enough that the region Di does not contain the 
singular point of the perturbed foliation. In fact we will make c > so small that 
the slopes of the leaves of the perturbed foliation are almost constant on Di. The 
precise estimate is done in Lemma 3. 

For the constant C we want to make sure that the singular point of the perturbed 
foliation is inside A2(0, C|e|/2). So for example the choice C = 3max{|a'(0)|, |/3'(0)|} 
will work. 

3. Proof of theorem 7 for the intersection points in Di (close to 

THE singularity) 

Lemma 4. Let i5 > 0. Then for all small enough c, \e\, the slopes of the leaves of 
dw/dz £ A{Xl^pj^;6) at all points in Di. 

Proof. Recall that 

^,{z, w) = (a(e), /3(e)) + (z, w) + eO{z, w). 
We estimate iVe in Di. 

UJe = ($e),(wo) 

^ 0{e^) + [{z - a{e)){l + Ae) + Be{w ~ /3(e))] dw 

+ [(z-/3(e))(-A + Ce)+i?e(z-cj(e))]dz 

= ©(e^) + (z - a{t))dw + (z - /3(e))(-A)dz 

= (z - a'(0)e + 0{t^))dw - \{w - /3'(0)e + 0{t^))dz. 



So, 



dw/dz = 



\{w- I3'{0)e + O{e')) 
z-a'(0)e + O(e2) 
-fi'{Q)e + --- 
-a'(0)e+--- 

a'^'W , ... 



The Lemma follows immediately. 



□ 
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The following lemma decribes the lamination associated to near Di after 
possibly shrinking c further and is an immediate consequence of Lemma 3. 



Lemma 5. The plaques oj T^: near Di are of the form w = fr^{z) where frjiv) = 
and/;eA(A^;<5). 

To estimate the geometric wedge product we will consider three types of points in 
a plaque namely if they are close to where the plaque crosses the z— axis (Case 

1) or w— axis or otherwise (Case 2). The estimates for hp are fairly independent 
of which case we are in because of the choice of c, but ha is very sensitive to the 
cases. 

We estimate the function on these plaques. First observe that the points in 
B2 := A^((— a'(0)e, — /?'(0)e); 2c|e|) are mapped by $e to a region covering Di. 

Lemma 6. There is a constant C > so that if some leaf L'j^ intersects D\ for a 

parameter value u + iv then 

^ log(l/|e|) -C<u< ^ log(l/|e|) + C, log(l/|e|) -C<v< log(l/|e|) + C. 

Proof First recall that z = e'(«+™+a°s l/'l/*')). Hence \z\ = e"". But {z,w) e B2. 
HcncG 

(|a'(0)|-2c)||e|<|^|=e-"<(|a'(0)|+2c)||e|. 

So 

log|e| - C < -V < log|e| + C 
which gives the estimate on v. To get the estimate on u, we consider: 

\w\ = e-'"'-"" 
(|/3'(0)|-2c)|e| < H=e-''"— <(|/3'(0)| + 2c)|e| 

log|e|-C' < -bu- av < log \e\+C' 
log(l/|e|) - C" < bu + av <log{l/\e\) + C' 

^log(l/|e|)-C" < u + av/b<^logil/\€\) + C". 

So 

i\og{l/\e\) -av/b-C" < u<^\og{l/\e\)-av/b + C", 



hence 



u < ilog(l/|e|) + ^[-log(l/|e|) + C]+C"[a>0] 

< l^log(l/|e|) + C"" 

u < ilog(l/|e|)-^[log(l/|e|) + C]+C"[a<0] 

< l^log(l/|e|) + C"' 



For the other estimate 
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u > llog(l/|e|) + ^[-log(l/|e|)-C]-C"[a>0] 

> l^log(l/|e|)-C'" 

u > llog(l/|e|)-^[log(l/|e|)-C]-C"[«<0] 

> l^log(l/|e|)-C"'. 



□ 

In what follows wc use the notation A ~ B to mean that there is a constant L 
so that j-A < B < LA and L is chosen independent of the other parameters. Also 
A < B means similarly that there is a constant L so that A < LB. 

Next we estimate the value of /i^ for a point {u, v) as in the previous Lemma. 
Let ^, tan^ = v/uhe the argument. By Lemma 5, it follows that for all small e, 
tan0 ^5/(1 — a) 7^ b/{—a) so that the angle 9 is uniformly inside the sector S\ for 
all small e. It follows that j9 is strictly inside a sector O<s<70<7r — s<7rfor 
some fixed s > which only depends on A and is independent of all other choices, 
and for all small enough e. This implies that sinjO > k > uniformly. As in Lemma 
2, for a point in Di, this allows us to estimate the kernel for + iv): 

Lemma 7. Suppose {u + iv) is such that the corresponding point on the leaf L'j^ is 
in £>i, themf\y\ <2{log{l/\e\)r, 



{r)^ sin(7^) 



((r)7 sin(7e))2 + {y- (r)T cos{je))^ (log(l/|e|))^ 
On the other hand if\y\ > 2(log(l/|e|))''' then 

(r)'^sin(70) (log(l/|e|)r 



((r)T sin(76i))2 + {y - (r)T cos(76i))2 y2 
Hence we get using Lemma 2: 
Lemma 8. We have the following estimate of for points in D^: 

~ rwrZ/i n^7 / HMdyH^og{i/\e\)r f ^dy 

liOg^i/|e|jj ' J|j^|<2(log(l/|e|))^ J|j/|>2(log(l/|e|))-' V 

Next we fix a,/3 and plaques L^ n^L'^iSm ^'^'^ assume they intersect in Di. By 
Lemma 5, there are conditions on m for this to happen, namely: 



2m7r < ■u'<2(m+l)7r 
^log(l/|e|)-C < n'<i^log(l/|e|) + C 



So 
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i^log(l/|e|)-C < 2(m + 1)77 <i^log(l/|e|) + C + 277 
^log(l/|e|)-C-27r < 2m7r < ^ log(l/|e|) + C. 



We pick a plaque ^ with an intersection point in Di . Then this plaque is of 
the form w = f{z) = f.q{z) where = and /' is as in Lemma 4. i.e. close to 

A ^,|q| . Next consider a plaque L^^ ^ 



z = e*("+('°g I"!/*"))-" 
2n7r < u < 2{n + l)7r. 

\w\ = e-''"-'*^ 



We estimate the location of the intersection points. 

Case 1: I2; — ?7| < rf^l, < d « 1. The constant d will be chosen small enough, 
in order to satisfy an inequality at the end of the proof of Lemma 8. 

We estimate the parameter values {u,v) for I/a,n- 

Since |r/|(l - d) < \z\ = e"" < |77|(1 + d), log(l/|r?|) - 2d < v < log(l/|r;|) + 2d. 
Note that also, for the point {z, w) to be on i^^^ with |^ — J?| < d\r]\ we must have 

thatH<2|A|MrfH. 

Lemma 9. For {z,w) to be an intersection point between La,n o-nd L'j^ in Di with 

\z — r]\ < d\r]\, we must have 

(i) 2mr <u < 2(n + l)7r 

(^^)2mT>^\og{l/\r]\)-C 

(Hi) log(l/|r?|) -2d<v < log(l/|7?|) + 2d. 

Moreover there is at most one such intersection point. 

Proof. We have already proved (iii) and (i) is given. To prove (ii): 

, I ^ ^-bu-av 



So, 

—bu—av < log|77|+C. 



Using the estimate on v we get 

u > {-a/b)v -{log\f]\) /b-C/b 

u > {-a/b)log{l/\v\)-{log\r^\)/b-C'/b 

u > ((l-a)/6)log(l/|,7l)-C^" 
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where C", C" are absolute constants. 

To prove the last part, notice that the slope of is about A while the slope of 

La is Xw/z so is at most |A|(2|A||^7^(i||?7|)/(|77|(l - d)) « |A| if we just make d 
small enough. 

□ 



Lemma 10. We estimate the value of at intersection points between ict,n ^^^^ 

L| in Di with \z — r}\ < d\r}\. We have two cases: 

(i) log(l/|r?|) -C <2-Kn< Clog(l/|r/|). Then we have 

J|x|<2(log(l/|r)|))-)' (,iOg(i/|r?|JJT J|x|>2(log(l/|r)|))i' ^ 

In the next case, (ii) 2nn > Clog(l/|r/|), we then have: U+iV ~ n'^+in'^~^ log(l/|r/|) 
and 

TT , ■ \ f Haix) 

J 



'|x-(7|<n-v-ilog(l/|„|) ni Mog(l/|?7| 
^ f g^(a:)n^-Mog(l/|7?|) ^^ 

J\x-U\>n-<-'^ log(l/|r;|) " U) 



Proof. Case (i): We use that sin(7^) is bounded below by a strictly positive con- 
stant. Case (ii) is clear. 

□ 



Case 2: Our next step is to discuss intersection points of Z/a,n and in Di for 
which I2; — ?7| > d\r]\. Note that ^^^^ intersects the w— axis close to (0, — A^t^t?) 
and the above argument applies as well to the region \w + A ^7^77! < d\r]\. Hence 

we only need to consider intersections of La^n and L| ^ when \w + A^t^t?] > d\r]\ 
and also — ??| > d\r]\, call this set S' . 



Note: This is the place in the argument where we will assume that a ^ 1. 



Since we are excluding the points near where L'j^^rn crosses the two axes, we have 
the following estimate on points in i^^^ : For some fixed constant J? > 1 we have 
that 



^\w\ < \z\ < R\w\ 
Ft 



for points in S' . 
Hence 
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-bu 


< 


R 




—av — bu — loj 


iR 


< 


bu — lof 


iR 


< 


2mTb — loj 


iR 


< 


2n7r - 


-C 


< 


2nbn/{l - a) - 


C 


< 



~v < —av — bu + log R 



a 

—V < 2mT + C, 



□ 

Lemma 11. (Intersection Lemma) There is a constant N > 1 so that if we cover 
the rectangle 2mr <u < {2n + l)7r, 2n}m/{l -a)-C' <v < 2n67r/(l -a) + C' with 
N equal squares, then there are at most two intersection points in each square. 

Proof. Wc choose N so that in each square, the slope of Lq, „ is almost constant 
and will produce at most one intersection point. The exception is when the slope is 
close to A'^^T^. Then there might be a tangency between La^n and L/j. Hence there 
might be two or more intersection points counted with multiplicity. We will show 
there are at most 2. Note that the slope S of L^.n is given by the quotient Xw/z. 



dw/dz = Xw/z 
= X 



Q,giA(C+(log|c<|/6)) 



So, 



gi(tt+(log \a\/b))—v 
;^Q,g((log|a|)/b)(-b+m) giAC 
gi(log \a\)/b gif 



(7gi(A-i)C 



and 



dS 



— = i{X-l)S 



<,a-.)a5<») 



a'(0) 



1. 



This says that the slope of La^„ near intersection points vary very rapidly, while 
we also see from Lemma 4 that the slope of varies slowly. This implies that 
near tangential intersection points there are at most two of them. 

□ 

We estimate the value of Ha at points p where Lq,,™ and L^^^^ intersect in Di 
away from the axes {\z — r]\ > d\r]\, \w + X^r^rj] > d\r]\). 
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Lemma 12. For the intersection point to he in Di we need 
\n\ > [\1 - a\ log(l/|e|)]/[27r6] - Ci. Then 

Ha{x)dx f Ha{x)\n\'^ 

' n dx 



TT r \ f Ha(x)dx f 



|x|<C2|n|^ l"r J\x\>C2\n\'i 

Proof. For the first estimate, recall that \z\ = e"" < c|e| and that 2nb'K / {l—a)—C' < 

V < 2n67r/(l — a) + C . For the integral estimate we see that {u + iv)'' = U + iV 
with V ~ \n\'' and \U\ <~ \n\'' . Then the estimate is immediate from the Poisson 
kernel. 

□ 



We finish the estimate for Di. 

Theorem 8. The contribution to the geometric wedge product of T and T^ from 
intersection points in Di goes to zero when e ^ 0. 

Proof. Let I = 1^ consist of all intersection points p in Di. They are labeled 
P = Pa,0,n,m,( if they belong to the plaques La^niL'jj„^ and (. lists them (with 
multiplicity) if there are more than one. By Lemma 5, 

(l-a)log(l/|e|) (l-a)log(l/|e|) 

so in particular there arc at most finitely many values of m and there is a uniform 
upper bound on the number of them. We can hence restrict to one fixed value of 
m. Next recall that from Lemma 7 we have the estimate on the value of at each 
intersection point: 



(10g(i/|e|jjT J|y|<2(log(l/|e|))^ 

+ (log(l/|e|)r / T^y- 

^|j/|>2(log(l/|e|))^ y 

By Lemmas 8 and 10 there is at most a uniformly bounded number of intersection 
points with La.ra and ^ in Di. Hence when we estimate the geometric wedge 
product we can factor out the contribution from /3 and we get an upper bound of 



p , s , . „ ,i/|<2(log(l/|e|))7 



Hf}{y)dydf,{(3) 



+ (log(l/|e|))^ / EMdydn{P). 

i|j/|>2(log(l/|e|))-v y 



We collect a few equalities that will be used repeatedly in Lebesgue dominated 
convergence Theorem. 
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Lemma 13. We have the following integral estimates. 

(1) n.„.//,,,^w / H0iy)dy 



/|3/|<2(log(l/|e|))T 

I<2(l..<./|.|»-. ^"'"'i"!"''" (log(l/k|))i {\y\ + 1)'/-.* 



/ 

J\y 



|i/7-i. \y\ 1 

y|>2(log(l/|6|))-v 



H/}{y) 



{II) (log(l/|e|))'^ / 

^|l/|>2(log(l/|e|))-v y 
J|j/|>2(log(l/|e|))T Wl 



'|j/|>2(log(l/|e|))T 

(///) IfU^rfi 



-dx 



I\x-u\<n-y-^ios{i/\n\) ^'^ ^log(l/l'7l)' 
J\x-u\<ny--^iog.n/\r,\) iogU/l^l; 



□ 



We want to show that 

We use the a priori bound that we found and estimates (I) and (II) in the previous 
Lemma. 

The Lebesgue dominated convergence theorem and Proposition 1 gives the result. 

End of the proof of Theorem 8: After integrating with respect to /i and using (I) 
and (II) of Lemma 12 we can use the dominated convergence theorem. We estimate 
the value of Ha at one of the intersection points p G Di. From Lemma 1 we have: 

/X 1 /■ - / X p''sin(76l) 
^ ' IT J ^ ^(pTsin(76l))2 + (x-p')'cos(76'))2 

Case (i): — ??| < d|?7|,|n| < Clog(l/|77|). By Lemma 8 it follows that V = 
pTsin(70) ~ (log(l/|?7|))T and \U\ <~ (log(l/|?7|))T. 



J h 



Ha{x)dx 



x|<c(iog(i/|,,|))-y (log(l/|r?|))^ 
+ / Ha{x) ^^"^^^^^'"^' dx. 

J\x\>C{\og{l/\r,\))y 



,(log(l/|»?|))^ 



So adding up we get 
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^ r Ha{x)dx 

J\x\>C(\o!'ai\r,\))i 



\x\>C{\o&{l/\r,\))'< 

1-1/7 

dx 



[ i?«(a;)|a;|V7-i ( 

i|a;|<c(iog(i/|»,|))^ V(log(l/|r?|) 

i|x|>C(log(l/|r,|))-v V Fl / 

X! Ho,,n{jPn)dn{a)dx. 



|n|<Clog(l/|r,|) 

Integrating with respect to n we get that Z]|„|<iog(i/i,,|) ha,n{Pn) ^ as e ^ 
since \r]\ < e. We use again the estimates in Lemma 12 and Proposition 1. 

Case (ii): |2 — r/l < d\ri\, \n\ > Clog(l/|r7|). Then by Lemma 8, n > and we 
have Un ~ n^, V ~ n^~-^ log(l/|r7|). From Lemma 9 we have: 



J\x 



-ax 



|x-!7|<nT-ilog(l/|r;|) 



nT-ilog(l/|r/|) 



J\x-U\>ny-''\os(l/\r]\) F - | 



So, 



Haix) 



'/''-'dx 



\x—U\<ni ^log(l/|?7|) 

log(l/|r?|)' 

n^-'\og{l/\p\) 

2 



J|x-!7|>nT-ilog(l/|7/|) F-'^l 



Therefore, 



n>Clog(l/|77|) n>Clog(l/|»;|) 



a;-!7„|<m-ilog(l/|?7|) log(l/|?7|) 

7-1 

>ciii/h|)"^l^-^''l>"''-'i°s(Vkl) ' k-C/nP 

= / + // 



n>Clog(l/|r,|)"^l^-'^''l 



Wc arc going to estimate / and II separately. Note that for a given x, the number 
of integers n for which J7„ — n^~^ log(l/|7?|) < x <Un + rC^' log(l/|?7|) is bounded 
above by a multiple of log(l/|?7|). It follows that / <~ /(k)g(i/|r;|))^/c Ha{x)x'/''~'dx. 
This contribution goes to zero as |e| — > since |r/| < |e|. 
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To study II we estimate U„ more precisely. We have 

2mT < Un < 2(n + l)7r 
log(l/|77|) - 2d < Vn<\og{l/\r,\) + 2d, 

and 

{Un + iVnr = u1{l + iVn/Un)'' 



with 

\En\ < uliVn/Unf 

~ n''-2(log(l/|j?|))2. 

Hence |t/„ — (2n7r)^| << n'''"^ log(l/|?7|). We can hence replace Un by (2n7r)^ in 
II without changing the order of magnitude of the expression. We divide II into 
pieces Ha, IIb, He- In Ha, x is such that n > Clog(l/|77|). In IIb, n has a range 
of the form n > x^^l^ + r(x) log(l/|r7|), r(a;) ~ 1 and in lie, C'log(l/|7?|) < n < 
x^/^ - s{x) log(l/|7?|), s{x) ~ 1. So 



II = IIa + IIb + lie 

•^^=-°° n>Clog(l/|^|) " I 



For 



a;|<Ci(log(l/|,,|))^ [101og(l/|?7)|]T - X 

. /'""■^"""^H„M,...'°g'/M) 

J x= — oo 



[101og(l/|j7)|]7-ar 

a fy^ tJC ^ |- , / I \ M 1 

|a:|<Ci(log(l/|»,|))T [log(l/|r?)|jT-i 
J x= — oo l-^l 

1-1/7 

da; 

|x|<Ci(log(l/|r,|))7 " 

c.(iog(i/H)r . , _^ /(log(l/|7?|)rN^/^ 



X|<C.(.og(l/h|)). ^fa(^)kr/^-^ ([l0g(l/'|r?|)]7) 
.-Ci(log(l/|,,|))-' / 

J x= — oo \ 



J.=C,(log(l/|.|)). 1^ - "^1 

/■CSO 

Jx=c, nogfi/inniT 
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and 

lie 



poo 

/ S 

"^^='^^('°S(^/l''l))''ciog(l/W|)<n<xi/7-s(x)log(l/|7,|) 



lie ~ / if„(a;)xi/''-Mx. 

/x=C2(log(l/|77|))-v 



Integrating with respect to fj, we get 



< 



+ 



IIdii{a) 

/ IlAdii{a) + / Ilsdnia) + / IIcdii{a) 

J a J a J a 

Ha{x)\x\^/''-^dxdn{a) 



a^|x|>(log(l/|r,|))T' 



a J|x|<Ci(log(l/|r,|))T 



which tends to as ry ^ 0. (RecaU that \ri\ < e.) 

Case (iii): |w; + Ar/| < d\r]\. This case is symmetric to cases (i) and (ii), so done. 

Case (iv): |z|, |w| < c|e|; \z — i]\,\w + Xt]\ > rflryj. Wc recall the estimate of i7Q,,„(p) 
at intersection points from Lemma 1 1 . The contribution W to the geometric wedge 
product is: 



L 



|n|>[|l-a|log(l/|e|)l/[2^6]-C-^l-l<2|"l^ '"'I"' 



Ha{x)dx 



Ha{x)\n\' 



-dx 



|a;|>2|n|T 



dfi{a). 



We divide the first integral into two pieces, so = Wa + Wb + Wc- We get 



Wa 



E 



Ha{x)dx 



.|<2|[|l-a|log(l/|.|)]/[2.6]-C|V|„|^j|^_^H^g(^/|^|^j/p^^j_^ \n\ 

Ha{x)dx 

|x|<2|[|l-a| log(l/|e|)]/[27rb]-C|T (log(l/|e|))T-l 



dii{a) 



diJ,{a) 



1-1/7 

( ... ] dx 

'|x|<2|[|l-a|log(l/|e|)]/[2776]-C|7 \[^Og(l / \e\)p 

as e ^ 0. 



dn{ 
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For Wb we have: 



Wb 



We 



E 



Ha{x)dx 



|:c|>2|[|l-a|log(l/|e|)]/[2^fe]-C|7 ^^J^y/-, I"!'' 



/ / 

Ja J|x|>2|[|l-a|log(l 



log(l/|e|)]/[2,r6]-C|T 



dn{a) 
diJ,{a) 



again by Proposition 1. 



Wc 

ill 

J a. J \x 



(|cn|/2)i/^ 

|l-a| log(l/k|) ^1^ 

'l^l>2| C\-' |„| = [|i_a|iog(i/|<:|)]/[27r&]-C 



Ha{x)\ny dx 



dfi{a) 



x|>2|[ll-a|log(l/|e|)]/[2,.6]-C|^ 



Ha{x)\x\'^/^-'^dx 



dfi{a), 



and hence Wc 0. 

Now we have finished the part of the proof of Theorem 8 where we consider 
intersection points in Di = {\z\, |w| < c|e|}. 



4. Proof of Theorem 7 for intersection points in D2 c A^(0,C|e|) 

CLOSE TO THE SEPARATRICES. 

We spht D2 into regions A' and B where A' denotes points close to the sepa- 
ratrices and B denotes the rest. Then A' has 2 pieces. It suffices to consider one, 
A = {{z,iu);c\e\ < \z\ < C\e\, \w\ < r\e\} where < r < c depends on the choice of 
C. 

We consider intersection points of and ^ in A. We parametrize La with 
(u + iv) and i| with u' + iv'. In A we have for L^^n '■ 



log(l/|e|)-C < i;<log(l/|e) + C 



\w\ 



^-bu-av ^ ^1 . 



bu + av > log(l/r) +log(l/|e|) 
^""log(l/|e|)-C 



u > 
n > 



b 

1- a 

2- Kb 



log(l/N 



C. 
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For we have in A : 

Llm ■■ k'l < C\e\ 

v' > log(l/|e|)-C 

|e|(l-2c) < < |e|(l + 2c) 

log(l/|e|) -2c < 6u' + at;'<log(l/|e|) + 2c 

y \og( 1 /\e\)- 2c/ b-av'/b < u' < y\og{l/\e\) - av' fb + 2c/b. 
b b 

The m is estimated later and they depend on which case we are in, a = or not. 

Lemma 14. Ifa^Q, there is an integer N so that for small r, there is at most N 
intersection points between any pair La,n o,nd L^^^^- 

Proof. This follows from considering the slopes of the plaques, given by the forms 
LO^uj^. Namely the slope of the La,n 

is very small and the slope of i^^^ close to 
constant larger modulus and close to constant argument on each of N small squares 
where there might be an intersection. □ 

Next we estimate /iq, „ at an intersection point. 
Case (i): n < log(l/|e|) : 

In U, V coordinates we have V ~ (log(l/|e|))'>', \U\ < (log(l/|e|))T. 
Using the expression as a Poisson integral we get: 

~ X,<co..,.,|.|),^''°'"'(>og(l/|.|))^'^ 

+ / «.,,)MM£!))I^ 

i|a;|>C(log(l/|6|))7 X 



ik|<c(iog(i/|e|))^ (log(l/|e|j)^ 



■/|x|>C(log(l/|e|))^ Fl 

Case (ii): n > log(l/|e|) 

Then f/ ~ n^, F ~ n^-i log(l/|e|). Hence 

h I ^ f u ( n^-Mog(l/|e|) 

We observe that this integral has already been estimated above. Namely see 
Case (ii), integrals I+II. 
So we get 



y\ KAp) ^ / Ho^{x)\x\^l'^-^dx 

n>101og(l/|e|) J\x\>(\o^(l/\e\V 

+ I Ha{x)\x\^/'^~^ 

i|x|<C(log(l/|e|))-T " Vl0g(l/|e|) 



\x\ V 



dx. 
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Wc estimate next miP)- From the above estimates for u', v' we see that <'■ 
v' and hence V ~ {v')\ \U'\ < {v')^ . We then have: 

J\y\<C(v')-< {V P 

J\y\>C{v')-i y 

^kmi.P) - I H0{y)\y\'h-i (My ' ' l^dy 

J\y\<C(v')'< \{V'PJ V 



1 + 1/7 

H,{y)\y\'/^-' ( ^ ] 

l\y\>C{v'p 

Note that for a 7^ 0, we have that 



J\y\>c(v'p V \y\ ) v 



so 



and 



\og{l/\e\)/a-bu/a~2c/\a\ < v' < log{l/\e\)/a - bu' /a + 2c/\b\ 
log(l/|e|)/a-2m7r6/a-C < v' < \og{l/\e\)/a - 2rmrb/a + C, 



v' > fog(l/|e|) 



m/a < -l-log(l/|e|)(l/a-l) + C. 



27r6 



Define 



™/a<2ii;log(l/NI)(l/«-l)+C 

Then using the above estimates, 

S < E / HpiyM'/'y-^ 

„ ■/|j/|<C(log(l/|e|)/a-52m7r/a)^ 



_ (log(l/|e|)/a - 62m7r/a)T J \ log(l/|e|)/a - b2m7T/a 

+ E/ H^iyM'^''-' 

™ i|j;l>CaoEri/len/a-fe2m7r/a')i' 



|y|>C(log(l/|e|)/a-fe2m7r/a)-> 

(log(l/|e|)/a-62m7r/a) T^ 



log(l/|e|)/a- 62m7r/a 
/ + //. 
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We study separately I and II. 
/ = Ia + Ib 

^|^|<C(log(l/|e|)). ^/^^^ log(l/|e|)(l/a-l)+C 



\y\ 



(log(l/|e|)/a- 62m7r/a)T 
dy 



1-1/7 



|log(l/|e|)/a-62m7r/a| 



We estimate 



1-1/7 



1/7-1 



\y\ 



'|!/|=C(log(l/|e|))v 

For II we have 



(log(l/|e|)/o-62m7r/a)T 
|log(l/|e|)/a-62m7r/a|'^^ 

POO 

^ii;i=c(io£a/kn)v 



5i^log(l/|e|)(l/a-l)>m/a>i2^iZii^-(|3/|/C)V7 

(log(l/|e|)/a-62TO7r/a)^ \ 
-dy 



|l/7-l 



y|=C(log(l/|e|))7 



log(l/|e|)/a-62m7r/a 

/■CSO 
H^ivM-'h-^dy. 
,yl=C(log(l/|e|))T 

With these estimates it follows that Theorem 7 is proved for the region A close 
to the separatrices, in the ball £>2 provided that a^O. 

The case a — : 

We fix {a, n) and (/?, m) and investigate intersection points. Note that since a = 
0, we need (log(l/|e|)/6 — 2c/6 < u' < (log(l/|e|)/6 + 2c/6. Hence there are at most 
finitely many possible values for m ~ (log(l/|e|))/(27r6). We proceed as if there is at 
most one. This will suffice. Also note that since wc assume that \z'\ < C\e\ we also 
need v' > log(l/|e|) — C". For every integer k > Owe might have an intersection point 
Pn,k between La,n and i| „j with log(l/|e|) -C + k'K <v' < log(l/|e|) + {k + l)7r. 
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We estimate h^^^^{Pn,k)- 
Lemma 15. When a = 0, then 7 = 2. 

Proof. The inequalities \z\ < 1, \w\ < 1 lead to u,v > 0. □ 

Wc have u' ~ log(l/|e|),'(;' ~ log(l/|e|) + fc so t/' + iV = {u')^ - (w')^ + 2iu'v' 
Hence if < fc < C"log(l/|e) we have the estimate \U'\ < (log(l/|e))2 ~ V'. If 
k > C" log(l/|e|) we have U' ~ —k^, V ~ fclog(l/|e|). We consider various cases: 

(i) 0<fc<C"log(l/|e|) : 

j\y\>c{iog{i/\e\)r y 



Hence 

i|3/|<C(log(l/|e|))2 U0g(l/|e|)) 

Adding up we get 

C"log(l/|£) 3 

fc=o ^i3/i>c(iog(i/|e|))= y 

1/2 

'|3/|<C(log(l/|e|))2 

^"'^1/1^) r /rw1/l.h^2^3/2 



J|j/|<C(log(l/|e|))2 V(l0g(l/k|))V 

rr!, Jbi>c(iog(i/iei))2 V \y\ J 



— ^|j/|>C(log(l/|e|))2 

Next wc have case (ii). 
(ii)fc>C"log(l/|e|): 

Using the location of p„,fe we have the estimates 



fclog(l/|e|) 



(fclog(l/|e|))2 + (y + F) 



dy 



~ / Hi3{y)— — ]—r^dy 
J\y+k^<k\og(i/\€\) feiog(i/|e|j 

^ /■ P7 r , fclog(l^ 

iij/+ft2i>ftiog(i/iei) 12/ + j 

We define S 

^ •= H ^0,m{Pn,k) 

k>C" log(l/|e|) 

= Ia + Ib+ IIa + IIb + lie- 
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We have 

^(_(C")'+C")log(l/|e|) \/-y+r{y)ios{l/\e\) 



^=(-(C")=-C")(iog(i/|e|))2 fc=r7"wi/i.h «iog(i/|e|j 



=(_(C") = -C")(log(l/|e|))= fe=C" log(l/|e|) 

where r{y) 



Hence 



(_(C")=+C")log(l/|e|) ^ 

Ia I H/3{y)- — j-jv-r^dy 

Jy={-iC"r-C"){iog{i/\e\))^ iog(i/ |e| 

(-(C")'+C")log(l/|e|) 



Ia ~ / Hp{y)\y\-'/^dy. 



For Ib we have 



(_(C")=-C")(log(l/|e|))^ \/-!'+'-(!')l°g(VNI) ^ 



with 



Hence 



J«=-oo log(l/|e|) 

/ l„l 



(_(C")^-C")(log(l/|e|))=' / I I xl/2 

Ib ~ / H^iyM-'/^ .^ .f , ... 

■/j/=-oo V(log(l/|e|)) 

Next we have for Ha 



.((-(c")^-c"))(iog(i/H))^ V-.-(^og(i/H) ,1 



IIa 

and 



fe=C" log(l/|£|) 

/■((-(C")'-C"))(log(l/|e|)) = 

/ H0{y)\y\-'/^dy 

J y= — oo 



((-(c'r+c"))(iog(i/H))^ ~ ^ ^ ,fclog(l/|6|) 

k=s/-V+r(y)\og(l/\€\) 

((_(C")^+C"))(log(l/|€|)) = 

/ Hi,{y)\y\-''Hy. 

J y= — oo 
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The last term is 

lie ^ 2^ H0{y)-———^dy 

J((-(C")^+c"))(iog(i/iei))^ ^^^^^^1^1^ [y + k ) 

7((-(c")2+C"))(iog(i/|c|))2 2/ + (C" log(l/|e|))2 

/■(log(l/|e))= 1 

^((-(C")2+C"))(iog(i/|e|))2 iogU/leU 

J(iog(i/|e|))2 y 

/.(log(l/|€)f I 11/2 

J((-(C") =+C"))(log(l/|e|))2 iog^i/ |e| J 

1/2 



i(iog(i/|e|))2 iog(,i/|e|j 



Next we estimate ha,n{Pn,k)- Note however, that the estimates for the case a ^ 
still applies to /ia,„. This condition was not used to estimate ha- Hence we are done 
with the proof of Theorem 7 for the case of intersection points in A 

We next consider the set B of points in A^(0, C|e|) defined above as consisting 
of points which are at distance at least r|e| from all separatrices. 

5. Proof of Theorem 7 for points in B, i.e. points in D2 which are at 

DISTANCE AT LEAST r|e| FROM THE SEPARATRICES. 



We estimate Ha on La^n n B. We can assume ^ 1, otherwise flip the axes. So, 



r\e\ 

r\z\ 

log(l/|e|)-C" 



< 

< 
< 



\z\<C\e\ 
e-" < C\e\ 
V < log(l/|e| 



C". 



Similarly 

r|e| 
r\e\ 

log|e|-C" 
log(l/|e|) - C" - av 
(l-a)log(l/|e|)-C 

l^log(l/|e|)-C 



< H<C\e\ 

< e"^"-"" < C|e| 

< -bu- av < log \e\+C" 

< 6m < -ai; + log(l/|e|) + C" 

< 6m< (l-a)log(l/|e|) + C 

< «<l^log(l/|e|) + C. 



Using these estimates on {u,v) and similarly for {u',v'), Lemma 10 shows that 
there is an integer N independent of e so that if we take any two plaques of two 
leaves La, Lg, then they intersect in B in at most A'' points. In U, V coordinates. 
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(u + ivy = U + iV, 

hence 

V ~ (log(l/|e|)^ 

\U\ <~ (log(l/|e|)r. 



This gives 

h ^ [h(x) dx 

1 

'|x|<C(log(l/|e|))^ '(l0g(l/kl))''' 



J\x 



J|a:|>(log(l/le|)T 
^|x|<C(log(l/|e|))^ (,iOg(,J^/ |e| jj^ 



'|x|>(log(l/|€|)T 

It follows from these estimate applied to Hp as well, that Theorem 7 is valid for 
intersection points in B. 

6. Theorem 7 for Dz = A^{0, 6) \ A'^{0, C\e\) 
There are 3 regions to consider: 



£»3 = i?i U i?2 U Rs 

= {C|e| < 1^1 < (5,C|e| < |w| < (5} 

R2 = {Cie| < 1^1 < < C|e|} 

Rs = {|^| <C|e|,C|e| < |w| <(5.} 



Note that since we have assumed 07^!, the cases of i?2 and i?3 are not completely 
symmetric. We will leave it to the reader to verify that the estimates we do later 
for R2 nevertheless hold for R^. 

7. Theorem 7 for Ri, the diagonal part of D3 

We first outline our approach. Fix parameters a, (3 and corresponding plaques 
La,n,L'^lj rn- Ncxt wc divide i?i into dyadic components, rings, {R{p)} in the z— 
direction, e~^'~^ < \z\ < e~^, C|e| <\w\ < 5 Then we estimate ha and hfj on La,n H 
R{p) and X^^^ni?(p) respectively. Next, for fixed a, /3, n, m we estimate the values of 
p where the leaves La,n, L% ^ might intersect, and the number of intersection points 
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for each such p. Putting this information together we can estimate the contribution 
from Ri to the geometric wedge product. 

Pick a plaque La,n and a point {z, w) in La,n<^R{p) parametrized by {u, v). Then 

e-P-i < = e"" < e-P 
log(l/(5) < «<log(l/|e|)-C 
log(l/5) < p<log(l/|e|)-C, 



and 



2n7r < u < 2(n + 1)%. 



For w we have 



C\e\ < \w\<5 
log(l/5) < 6u + ai; < log(l/|e|)-logC 



We divide into cases depending on whether a 7^ or a = 0. 

First, assume a^Q. We choose a constant < s < 1 so that 5 < 1 + < |. 

Case (i): a ^ 0, n < sp, then 



{u + ivy = U + iV 

~ U + ip"',\U\<r~^p"'. 



So we have 



Ha^n ^ / Ha{x)/p'^dx + / Ha{x)p'^ /x'^dx 

J\x\<Cpy J\x\>Cp'' 
J\x\<Cpy J P 

+ [ Ha{x)\x\'/^-' (f-)^ -dx. 

J\x\>cp-< \mJ P 



,7 \ 1+1/7 

H„{x)\x\y^-' [ i 

'\x\>Cpy 
Case (ii) a ^ 0,n > sp 



[u + iv)'* = U + iV 



rP + ipn? ^. 
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Then 



Ha,n ^ / Ha{x) ^rfo; 

l\x-ni\<pni-'^ 

t7-1 



+ / Ho,{x)- —^dx 

Jn'T/2>|x-nT|>pnT-i F I 

7-1 



+ / H^{xf-IL_dx 

J n 



Inl /2<\x-ni\<2n-< 



+ / Haix Y'" ^ dx 

J\x-n-y\>2ni ^ 

= I + II + III + IV 



We will usually leave the case a = to the reader. 
Case (iii) a = 



7 = 2 
{u + iv)^ = — + 2iuv. 



So 



(uv)"^ + (x — {v? — v'^)) 



;dx 



[uvY + {x + v'^ — u^) 



dx 



ia:+„2_„2|>„„ [uvy + [x + - u^y 



[ Ha,n{x) — dx 

J\x+v^-u^\<uv UV 



' \x+v'^—u'^\ 
\x+v^-u^\>uv [X + V^-U^Y 



To estimate the integrals we divide into cases. 



m/10 < t; < lOw : 

^ / Ha,n{x)\dx+ I Ha,n{x)^dx 

J\x\<~u^ ^ J\x\>~u'^ X 

^ [ H^^r,{x)\x\-'/' (^Y^' -dx 

+ / H„ {x)\x\-^/^^-^dx. 

i|x|>~«2 \x\ \x\y^ 
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Suppose now 



u < v/10 

f \ f uv 

ha,n ^ / Ha,n{x) dx + / Ha,n{x)- ■ 5 r^rfo; 

J\x+v^\<^uv uv J\x+v^\>r^uv [X + V^-U^y 

~ / Ho,,n{x)\x\-^^^-dx 
+ / Hoc,n{x)-, ^ „ dx 

~ / HaAx)\x\~^'^-dx 

+ ( H^,n{x)\x\-^l' ]'''^f'^^^ dx. 

The last case is 

u > lOv. 

J\x-u^\>'^uv \X U ) 

So now we have estimated ha on La,n H R{p). The analogue estimates are valid 
for Hb on L% ^. The reason is that » lei. 



Our next step is to locate for which R{p) there is an intersection between Lo 

and L;^^ 

Fix La^n and J^^^^ and assume {z, w) e La^n H L'j^^^- We can write 

_2 = gi(C+(log|a|)/6 

C = u + iv 
2n7r < u<2{n+ l)7r 
\z\ = e"". 

Also {Z,W) = ^^{z',w'),{z',w') e Lff^rn- 



^1 = gi(C' + (log|a|)/6 
C = u' + w' 

2m7r < u'<2(m+l)7r 
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So 

z = a(e) + e'(«'+(i°sl'^^l)/*)+eO(z',u;') 



w 



/3(e) + /3e*^(«'+('°s \mib) + ^^(^'^ ^/)_ 



Our goal is to locate which R(p) the point (z, w) can belong to. So we need to 
find p so that e~P~^ < \z\ = e"" < e~^, i.e. we need to get a good estimate for v in 

terms of a, /?, n, m. 

There are 4 unknowns, u,v,u',v' . However, u ~ 2mr, u' ~ 2m7r, so we only have 
V, v' left. Also we have two equations for the z and w coordinates respectively. (In 
fact, since these are complex equations, we have 4 real equations for the two real 
unknowns v,v'.) 

Before we proceed we show at first that for there to be an intersection, we actually 
must require that n and m are very close. 

Lemma 16. If La^n o,nd -^^^^ intersect in R\, it follows that \m — n\ < 1. 
Proof. Recall that 

^,{z, w) = (a(e), /3(e)) + {z, w) + eO{z, w). 

If S is chosen small enough, this implies that \eO{z,iu)\ < a\e\ for any given < 
a « 1. 

We pick two plaques, -Lq,„, and consider intersection points in Ri. Let 5 > 
be such that |e|/S' < \a{e){- a\el\0{e:)\ - a\e\ < |a(e)| +cr|e|, |/3(e)| + (T|e| < S. Note 
that if we increase the constant C used in the definition of D4, we can still use the 
same S. When the point is in Lq, fi we have 

^ = gi(C+(log|c<|)/6 

\z\ = e-^ 
\og{l/\5\) <v < log(l/|e|) - C 

W = ae^A(C+(log|a|)/6) 



-bu—av 



If it is also in L^^m, then 



^/ = gi(C'+(log|/3|)/6) 

\z'\ = e-"' 

log(l/|5|)< v' <log(l/|e|)-C 

w' = /3e*^(C'+(i°gl/3|)/'') 

\w'\ = e-'""'-""' . 



Since 
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the image point can be written 

Z = a(e) + e^(^'+('°sl/3|)/&)+eO(^'^y,') 
W = /?(e)+/3e'^(«'+('°sl/3|)/'')+eC»(^',u,') 

Consider an intersection point in Ri and set (' = ( + c + id. Then 

z = Z 

e-'^-^e^le] < 1< e"'^ + ^e^lej. 

So 

5e"|e| < S{l/{C\e\)\e\= S/C «1. 
\d\ < 2Se''\e\ < 2S/C. 

For the other coordinate, 



w 




W 


^—bu—bc—av—ad S\€\ 


< 


^ — bu — av ^ ^ — bu—bc—av—ad _^ 


^—bc—ad >S'e^^~'~*^^ |e| 


< 




5g6«+o^|g| 


< 


S/C « 1. 


\bc + ad\ 


< 


25.g5«+a^|g| ^ 2S/C 



So 



|c + id\ 

□ 

It is also convenient to show that a and /? must be very close if there is an 
intersection. We estimate first the modulus and next the angle and finally we 
combine them. 

Lemma 17. Suppose La,n intersects -f'^^^ in Ri. Then 

|log(|/3|/|a|)|<25|e| [e" (6 + |a|) + e^"+-] . 



\bc\ < \bc + ad\ + \a\\d\ 

< 2S'e''"+""|e| + |a|2S'e''|e| 



< -^(25e^"+'"'|e| + |a|25e''|e| 
\b\ 

< 2^i±i^and 

C \b\ 

2S / l + |a| , 
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Proof. We have 



= Z 



-i(C+(log|a|)/6) 



a(e) + ei(C+c+.rf+(iog|/31)/6) + ^o{z',w'). 



So 



gi(C+(log |a|)/6) U _ gic-d+i(log(|/3|/|a|)/fe)l ^ q,^^) _^ eO{z' , w') 



Taking the modulus 



^ _ gic-d+i(log(|/3|/|a|)/6) 



< S\e\ 



_ gjc-d+i(log|/3|/|a;|)/6) ^ S'e''|e|<<l 



This gives 

|i(c+(log|/3|/|a)/6)-rf| < 2Se:'\e\ 

|log(|/3|/|a|)/6| < 25e''|e|+25e''"+'^''|e|/6 + 25(|a|/6)e'^|e|. 

The Lemma follows. 



□ 



We remark that the lemma as stated is slightly inaccurate. We only can conclude 
the estimate modulo 27r. However, the parameters e~^'^^ < |q!|,|/3| < 1 so this 
problem arises when say \a\ is close to 1 and |/3| is close to e~'^'^^ . Wc ignore this 
technicality which just means that \a\ and get close after we follow the leaf 
once around counterclockwise. 

Lemma 18. Write (}/a = \fi/a\e'^^ . If there are intersection points in Ri, 9 is close 
to mod 2iT. More precisely: 

\9\ < 256*'"+"'' I e| [\a\/b + \a\/b + 1] + 251616" [|a| V6 + b+ {\a\ + \a\'^/b)] . 

Proof. We again use the parametrization. 



ae 



w = W 

iA(C+(log|a|/6)) _ 



= /3(e) + /3e^Mf+c+»<i+(iog W\/b)) ^ ^^(^/^ 



So 



P{e)+eO{z',w') = ae 



iA(C+(log|a|/&)) 



1 _ ^g»A(c+zd+(log|/3|/b)) 

a 



Se 



bu-\-av I 



e > 



1 _ ^ga(c+id+(iog|/3|/fe)) 
a 
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Hence 



1 » S'e''"+""|e| > 



X _ ^g[-6c-ad-(log|a|/6)]+i[ac-6d+a(log(|0|/|c<|))/6] 

a 

1 g[-bc-ad]+i[6l+ac-6d+o(log(|/3|/|a|))/6] 



25e''"+"''|e| > \9 + ac - bd + a{\og{\p\/\a\))/b\ . 



Therefore 

1^1 < |ac| + |6d| + |a||log(|/3|/|a|)|/6 + 25e''"+'^"|e| 

< 5e''"+"''|e| [2|a|/5 + 2|a|/6 + 2] 

+ 5|e|e^ [2\a\yb + 2b + 2{\a\ + |a| V&)] • 

Which gives the estimate. 

Next we locate more precisely the intersections of i^.n and in Let 

z = Z. 



Then 



We define A by 



C = C + A. 



Then 



giC+i(log|c«|)/fe _ giC+iA+i(log|/3|)/6 



if+i(log|a|)/6 



1 _ giA+i(log(|/3|/|a|)/6 
1 _ giA+i(log(|/3|/|a|)/6 



= a(e) + eC 
= a(e) + eC 

_ g-iC-i(log |a|)/6 



[a{e)+eO]. 



This gives 



2fc7r + A + (log(|/3|/|a|)/6 = ie 



+ 0(ee-'^) 



-jf-i(log|a|)/6 I 



Using 



w = W, 



ERGODICITY OF HARMONIC CURRENTS 



35 



we have 

= /3(e) + /3e'^(C+A+(iog m/b) ^ 



Q,giA(C+(log|a|)/6) 



^giA(log |al)/6) _ ^giA(A+(log l/3|)/6) j ^ ^ 

l«l) 



^ gjACgiA(log|a|)/6) 



So 



o _-iA(log |ct|)/&) 

l_^giA(A+(iog|/3|/H)/6) ^ g-iAcf [/3(e) + eO] 

a n 

- log f ^) + *A(A + (log \(3\/\a\)/h) ~ e-^'^ ^ ^ ^ 

We get: 

A + log(|/3|/H)/6--log(^^j = -e-^« ^ [/3(e) + eO] 



Adding the two expressions with A : 
Lemma 19. Suppose that La,n H -^^,m H i?i ^ 0. Then: 

1 //^\ 1 ^j-»A(log |a|)/fc) 



— log - = ie"^''-'(^°s I"!)/" [a(e) + eO] + — 6"*^^ [/3(e) + eO\ 

i\ \a J iX a 

+ 0{ee-'^f +0{e-'^^ef. 



To continue the search for intersection points of La,n, m in -^i) we divide -Ri 
into 3 pieces. We let Ci > 1 be a large constant. 



iJi^ = {C|e| < < ^, Ci|w| < 1^;]} 

Rib = {Cjej < |^;|,|«;| < 5, Ci|^;| < |«;|} 
iiic = {C|e| < |^|,|«;| < ^, 1^1 < Ci|u;| < C^l^l} 



Here the constant Ci is chosen to work in the slope estimates before Lemma 21. 
Observe that Ria and Rib are similar. We will leave it up to the reader to verify 
the estimates for Rib- 



8. Theorem 7 for Ria, the part of Ri close to the z-axis 

We will assume that a and leave the verification of the case a = to the 
reader. If |w| << \z\, then the second term in the expression for log(/3/a) in Lemma 
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18 on the right dominates and we get 



So 



2n7r < u<2{n+ l)7r 
av ~ log|(/3/a) - 1| +log(l/|e|) - 2n67r. 



I ^ I U/ " ) - 1 1 + i»s ( V k I ) - - '•^^7^ I ^ ^ 



C|e| < e-" < (5 
log 1/(5 < < logl/|e| -C 
p < V < p+1, 

see the beginning of Section 7. 

Lemma 20. i^or intersection points in Ria, There is a constant C such that 

Proof. Since e"''+''"|e| ~ |^ - 1| - |/3 - a| and 6°"+''" = l/|w| we have |/J - a| ~ 
|e|/|M;|. But C|e| < \w\ < \z\/C < 6/C. The lemma follows. 

□ 

Lemma 21. Suppose that La^n intersects i^^^ in Ria- Then the intersection 
points must he in R{p) for some 

I log|(/?/a) - 1| +log(l/|e|) -2nb7r ^ ^ 

a 

For the plaque to enter Ri we further need n to satisfy 

log|(/3/a) - 1| +log(l/|e|) - 2nb7r G I 

where I is the interval with endpoints alogl/(5, alog(l/|e|) — aC 

Our next step is to verify that there is a uniform bound on the number of inter- 
section points of I/a,nj L'j^ m in RiA- 

In order to study the number of intersections between plaques, we compare their 
slopes: 



Suppose {z,w) ~ {Z,W) :— is an intersection point of La^n and „ 

in Ri. The slope of L^^n is Xw/z. The slope of the perturbed leaf is 82- We choose 
the constant Ci used in the definition of Ria, Rib, Ric in the following estimates. 
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^'^{z',w'){z',Xw') = {z' + eO{z',w'),Xw' + eO{z',w')) 

\W' +€0{Z',W') 



s. 



2 



5. 



2 



z' + eO{z',w') 

Air - AJ(() +(0(Z. W) 

Z -a{e) + eO{Z,W) 
Xw - Xf3{e)+eO{z,w) 



z — a{e) + eO{z, w) 

Xl3{€)z + Xwa{e) + tO{7? , zw, w^) 
z{z — a{t) + €0{z, w)) 



Xw - XI3{e) + eO{z,w) 

i>2 — Ol = -r\ ^^7 ^ Xw Z 

z- a{€) + €0{z,w) ' 



^\z\<\w\<Ci\z\ : S2-S^r^ \{wa{e)-z(3{e)) 
Oi z 

\w\ > Ci\z\ : S2- Si 



Z^ 



\w\ < ^\z\ : 52 - - 
Ci z 



Lemma 22. There is at most a uniformly bounded number of intersection points 
in RiA- 

Proof. The case of Ria,Rib follows from slope estimates. For the case Ric, note 
that leaves might be tangent when (w/z) is close to f3{e)/a{e). They both have 
slope about A. But since we assume that A ^ /3'(0)/a'(0), this tangency is at most 
of order 2. □ 



We estimate the contribution to T AgT^ from Ria- We assume again that a 7^ 0. 
By Lemma 18, the parameters a,/? are restricted to the values: e~'^'^^ < \a\, \ j3\ < 
1,1/C > \f3 — a\ > C|e|/i5. So fix a,f}. Next, by Lemma 15, we can set n = m to 
be some integer in the interval given by Lemma 19. The case n = m ± 1 is similar. 
Because of the finiteness of the number of intersection points, see Lemma 20, we 
can set 

p _ ^(^) _ log - 1| + log(V|e|) - 2n67r 



and consider only one intersection point. Then wc multiply the values of .ffa.n and 
Hp n using the formulas in Case (i) or (ii) depending on whether n < sp ov n > sp. 
We then add these products over n and integrate the result over diJ,{a)diJ,{P) . 
Case {i), n < sp : 
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log |(/3/q! - 11 + log 1/1 el - 2n67r 
n < s ' ' S—LU 

n(l + ^) < Recall that 

a a 

1/2 <1 + -^ < 3/2. We get 



In this case we have the following estimates at intersection points. 



ha,n ~ / H^{x)\x\^/^-'(^) -dx 

J\x\<Cv-i J V 

+ / H^{x)\x\'/'^-U^A -dx 

J\y\<C(y')'i \{V P / V 

J\y\>c{v'p V \y\ J v 



Here we have used that v and p are comparable. In fact from the estimate in the 
beginning of the section, we see that u ^ n,n < sp so u <~ v, hence p ~ t;. 

Here v,v' ^ log | (/?/a ) - 1 1 +iog i / 1 e | - 2nb7r ^ This allows us to sum over v instead of 
over n, log 1/5 <v< logl/|e| — C. 

We need to estimate J2v ^^'^ then integrate the answer over the measure 

/i(a)/i(/3). 

Note we will majorize the sum by the product ha,n ^0,m Then we use 
the dominated convergence theorem. 
We finally have 



logl/|6|-C 

E 

U=log 1/(5 



'\x\<Cv~^ 



\x\>Cv-' 



HaixY-r^dx 
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We split the integral 



logl/|e|-C 

ax 



V ^|x|<(logl/6)T ^J^i,5 

^(logl/5)7<|x|<(logl/|e|)7 „=|^|i/-y ^ 



( 1 

+ / ff„(ar)— V 

i(logl/5)T<|a;|<(logl/|£|)-' ^^j^^ 
J|.|>(logl/|e|)T X ^^^^^^ 



We estimate the quantities under S and we get: 



'|a:|<(logl/5)T 

^ (log 1/5)7-1 

+ / Ho,(x) I I dx 

^(logl/5)-v<|a:|<(logl/|e|)-v 
f - 1 1 

+ / ^oi{x)^——j-dx 

i(logl/5)-.<|2;|<(logl/|e|)^ X \X\ 

H^{x)\{\ogl/\e\y<+Hx. 

|a:|>(logl/|e|)-v X 



Using Lemma 12 this gives: 



J|x|<(loglM)-v \{^0g if op J 



1-1/7 

H4x)\x\'^''-^ ( , ) 

|x|<(log 1/5)7 ^ ^' ' V(l0gl/<5)V 

#a(a;)|a;|^/T-ida; 

(logl/5)T'<|x|<(logl/|e|)-i' 
J|x|>(logl/|e|)-T V \X\ J 

0,(5^ 0. 



Observe that we had to take 5 small. 

This finishes the case (i), n < sp. So we have proved: 

Lemma 23. The contributAon to the geometric wedge product from Ria in case (i), 
a ^ 0,n < sp goes to zero when 6^0. 

We next deal with the case n > sp. Recall that: 
Case (ii) a ^ Q,n > sp 
We then have: 



40 



JOHN ERIK FORNjESS, NESSIM SIBONY 



{u + ivy = U + iV 



Then 



J\x-n'i\<p{n)n-<-^ P[n)n^ 

) | _ -,|2 ' 

/raT/2>|a;-nT|>p(ra)nT-i P I 



1 

\x-n-y\<p(n)ni-^ p{n)ni-^ 



J\x-ni\>2ni ^ 

= I + II + III + IV 



For simplicity of notation we assume a > 0. Then we have the following range 
for n from Lemma 20. The number n satisfies: 



alog 1/(5 < log |(/3/a)-l|+log(l/|e|)-2n67r < alog l/|e| - aC. 
This gives 

alog 1/5- log - 1| -log(l/|e|) < -2nbn < 

- log |(/3/a) - 1| - log(l/|e|) + a log l/|e| - aC. 



So 



Hence 



-alogl/(5 + log|(/3/a) - 1| +log(l/|e|) > 2nb'K > 
log |(/3/a) - 1| + log(l/|e|) - alogl/|e| - aC. 



log|(/3/a)-l| + (l-a)lo g(l/|e|)-aC 



2bn 

-alog 1/5 + log |(/3/a) - 1| + log(l/|e| 
267r 



However, n is further restricted because n > sp and p > log 1/(5. If we then 
estimate IV and sum over n, we get 
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i|x|>(logl/5). ^ „=logl/5 

|x|>(logl/5)T 





Similarly for ^^Illn we get to estimate X^l/n'>' <'~ \x\^/'^ ^ which again is 
fine. 

Next we handle the terms //„. For a given x, the range of n is on the order of 
2/3|a:|i/T < n < - p{x^/'') and similarly for n > \x\'^^^. Also note that the 

terms p{n) < \x\^/'^ since n |a;|^/''' and p < n. So we sum the expressions ^J^^^^^a 
which integrates to ^ ^\y^ , so inserting the limits of the summation, we get a bound 
of the same form as for III. 

Finally we sum over the 7„. Here we make the rough estimate that logl/J < 
< sn. So we integrate over |a; — n'''| < sn'^ but in the integrand wc re- 
place p{n) by log 1/(5. With this estimate we get the integral -^0(2^)13^^173^]^ << 

Ha{x)\x\^^''~^ . Hence this also goes to zero with 5. 
Hence we have shown the following: 

Lemma 24. The contribution to the geometric wedge product in the case of Ria, 
case (ii), a ^ 0,n > sp goes to zero when 5 — > 0. 

9. Theorem 7 for Ric, the diagonal part of Ri 

Wc are in the set {C|e| < \w\ < S, \z\ ~ \w\}. 
On La^n, we have the following estimate for u,v. 

u < 2(n + l)7r 
C", 

^;<log(l/|e|)-C. 



2nw < 

2n 



< 



1 -a' 
log 1/(5 < 



In the U, V coordinates, 

(u + ivy = U + iV 

V ~ |nP 

\U\ <~ |n|T. 



So at intersection points 

J\x\<2ny ^ J\x\>2n-^ 
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Adding up the contributions 

n i|x|<(log(l/|i))T \nJ^ys'' J 

i|x|>(log(l/|6))^ Vn=xi/7"' / 

+ / Ha{x) I V ^ I dec. 



L n=log 1/(5 



After estimating the sums we get 



V i|x|<(log(l/|5))7 (l0g(l/^))^ 

■/|x|>(iog(i/|5))7 (a;!/^)^ 

/ Ha{x) 

J\x\>(ios(i/\S))y 



So, 



„ ./|x|>(log(l/5))7 



'|x|<(log(l/5))-r 

This is arbitrarily small as long as 6 is chosen small enough. 

10. Theorem 7 for i?2, the part of D3 close to the z- axis 

This case is divided in two subcases depending on whether one is close to one of 
the indicatrices {R2A) or not (i?2B)- 

11. Theorem 7 for R2A close to an indicatrix 

Again we assume that a ^ 0. There are two indicatrices, w = and w close to 
/3(e). By symmetry it suffices to do one of them. We choose to estimate close to 
the indicatrix w = 0. So we set R2A = {C'|e| < \z\ < S, \w\ < s\e\} for some small 
constant s > 0. Let and Xc«,n be plaques intersecting at {z,w) in R2A for 

parameters (u', v'), (u, v). 

Since the point {z,'w) is about distance |/3'(0)||e| away from the indicatrix for the 
perturbed lamination, we get {w' = /3(e) + /3e*^("'+('°sl^l/'')+'"') + •••). This gives: 

2m7r < u < 2(rn + 1)tt 
Ci < av' + 2mbn + log |e| < C2. 
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We also have 

C|e| < 1^1 = e-" = |/| = |a(e) + e'("'+'°sl'5|/*')-^' +... 

hence 

C3 < V -v' <Ci 
C4 < av + 2mbTr + log |e| < C5. 
2mr < u < 2{n + 1)it. 

Using 

\w\ < s\e\ 



s\e\ 

av + 2nb'jT + log |e| 

{av + 2nh-K + log |e|) — {av + 2mnb + log |e|) 
log{l/s)-Ci. 

These calculations show that for the given plaques, the pairs {u, v), {u', v') belong 
to rectangles of uniformly bounded size. Hence the number of intersection points 
can easily be estimated by using slope estimates for the plaques. We get a uniformly 
bounded number of intersection points. 

We divide this into cases I, II, III. 

For I, we have l/Clog(l/|e|) < 2m67r + log |e| < Clog(l/|e|). 
For II we have 2mbTr + log |e| < l/Clog(l/|e|). 

For III we have 2mb'jT + log|e| > Clog(l/|e|). We note however, that in case 

III, v' must be very large in comparison with log l/|e|. This implies that \z'\ << |e| 
hence there are no intersection points in this case. So we are left with the two cases 

R2AI, R2AII- 

12. Theorem 7 for R2A1 close to an indicatrix. 
It follows in this case that ~ log(l/|e|). Hence 

u' + iv' ^ 2rn7r + ilog(l/|e|) 

and 

U' + iV ~ C/' + i(log(l/|e|))T. 



we get 

^—hu—av ^ 

log(l/s) < 
2{n — m)b'!T = 
> 
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In particular 

\U'\ <~ (log(l/|e|)r. 
Using the Poisson integral we estimate 

i|y|<2(log(l/|e|))7 (log(l/|e|))T 

^|j/|>2(log(l/|e|))-v y 

Adding up 

■/|2/|<2(log(l/|e|))7 V (iOg(l/|e|))T y 



1-1/7 

dy 



—J ■/|2/|<2(log(l/|e|))7 



^(log(l/|e|)rV^''^\ 



'|2/|>2(log(l/|e|))T V \y\ 

Next we estimate ha,n- There are two cases to consider: 

a) : n<Clog(l/|e|) 

b) : n>Clog(l/|e|) 

The contribution for case a) is: 
Case R2Aia ■ 

Recall that we have n > m — Cq. Hence we have that |n| < Clog(l/|e|). This 
means that we can write u + ^ 2mr + i(log(l/|e|)). Hence the estimates work as 
for M. 



1-1/7 



£1,,.,,''°'° ~ ii<^(..«(VNi))^ (oosCvll))') 

^|x|>2(log(l/|6|))7 V Fl 



dx 



Case R2Aib- We have 



u + iv ^ n + ilog(l/|e|) 
U + iV ~ n^+mT-^log(l/|e|), and 

J ^ ^(n')'-ilog(l/|e|))2 + (x-nT)2 
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This integral has already been estimated. See the calculations for the set Di in 
the region where — /y| < d\r]\, case (ii) where n > 10 log(l/|77|). It follows that the 
contributions from that region goes to zero with e. 

13. Theorem 7 for R2A11 close to an indicatrix. 

We restrict for simplicity to the case a > 0. We can divide into three cases: 

a) n > m > v,v' 
h) n> v,v' > m 
c) v,v' > n> m 



14. Theorem 7 for R2Aiia close to an indicatrix. 

We have 

{u + ivy = U + iV 
{u' + ivy = U' + iV 



~ (logl/|e|r + zi;'(log(l/|e|)r-i 
\ogl/6 < v' < logl/|e|. 



We now estimate 



We divide the integral and estimate each term. 

~ /.-„.,|<„.(,„,l/|,|),-."^'''"*'''(l0g(l/|E|))^-'* 
JdoR l/len->'/2>|i/-aoK l/len->'l>CT'(loK 1/iein-i I 



(log l/|e|)T/2>|j/-(log l/|e|)T|>CT'(log l/|e|)T-i iV " (log 

|l/-(logl/|e|)T|>(logl/|6|)-v/2 {y- (l0gl/|e|)^)^ 



So 



J|j/-mT|<CT'(logl/|e|)T-i ^ 

\y-(loE l/\e\)-i\>cv'(log l/\e\)-i-^ (V " i^Og ->-/ Kl j ' j 
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For Ha we have 

/~ VTl^ ^ 

^ / Ha{x) —dx 

J\x-n~i\<cvn~i-'^ '^f^'^ 

VTl ' 

Ha{x)-, T^dx. 

\x-n-i\>cvn-i-'^ \^ IT' ) 

To sum up over the intersection points, we note at first that for a given plaque 
-^/3,m there is a finite range of v' and v — v' is bounded, so we can assume that there 
is one intersection point with La^n for each n > m. Hence we sum first over the 
plaques Lq m < n < oo. 



~ -. n=x '"'+V „ 

Y / Ha{x) rdx ~ y / 

~ / if„(x)|x|i/T-ida;. 



The other contribution is 

Y] [ Ha{x) /"^ ^ dx 

„ J\x-n-^\>cvny-^ - nT)^ 



J x>m'^ —cvmT' ^ 

V 



Jx<m-'-cvm''-^ K '"'I 



so we conclude: 



n>m Jx>m~i J x<m~i -cvm~i-'^ \X '"■'I 

J|a:|>TO-v/2 J\x\<mi/2 V"^'/ 



In this case m will have approximately the range (logl/|e|)/2 < m < logl/|e|, 
hence we have 



n>m ^|x|>(logl/|e|)7 

+ / Ha{x)\x\^h-i 

J|x|<(logl/|e|)-T \(.iOgi/|e 



7 



1-1/7 

dx. 
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Next we sum Hp over m or cquivalcntly over v',\ogl/5 < v' < (logl/|e|)/2. We 
integrate first over Hp.^ ^, . For a given y, the range of v' is in the interval with 

endpoints (1 ± c) ^i^g ■ This part is bounded by 



■/|j/-noel/leini<noel/len-v/2 



'|!/-(logl/|6|)7|<(logl/|e|)7/2 

The second part is bounded by 

' \y\ 



[ H^ivM'/^-' ( 

i|«|<2(logl/|el)^ V 



(logl/|e|) 



0. 



1-1/7 

dy 



7 \ 1+1/7 



dy. 

|j,|>2(logl/|e|)7 V \y\ 



Again the contribution goes to zero by Proposition 1 and Lemma 12. 



15. Theorem 7 for R2Aiib close to an indicatrix. 

In this case n > v,v' > m. First we recall the estimates for Ha which are the 
same as in the case RiAiia- We have 



(u + ivy = U + iV 

~ rf + ivrf~^ with 
logl/^ < < logl/|e|. 



So 



dx 



+ {x — n^) 
~ / Ha{x) — ^—^dx 

J\x-ni\<cvn~i-'^ '^f^'* 

+ I Ha{x)————^dx. 



Next we estimate Hf^. We have 



{u' + iv'y = u' + iV 

(logl/|e|)/2 < «'<logl/|e| 

m + v' = logl/|e| 

V ~ (logl/|e|)^ 

\U'\ <~ (logl/|e|)^. 
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Hence 

'''' ~ 

J|3/|>2(logl/|e|)-v y 

Next we estimate the contribution to the geometric wedge product. So fix a, (3. 
Next fix a plaque i/j.m) v,v' ~ logl/|e| — m. Next we consider the contribution 
from Ha for all n > v. This is the same estimate as in the previous section, so goes 
to zero when e ^ 0. To sum up over m, notice that we have about log l/|e| terms of 
the same order of magnitude. Prom this we get that the contribution goes to zero 
when e ^ 0. 

To estimate the geometric wedge product, we sum independently over n, m throw- 
ing out the condition that n > m. We get as in the previous section that the 
contribution goes to zero. 

16. Theorem 7 for R2A11C close to an indicatrix. 
Here we deal with the case when 

V, v' > n > m. In this case the same formula as in the last section applies to both 
Ha and Hj^. We have: 



Ha ^ Ha J ,, dx 

'|x|<2(logl/|e|)-r (logl/|e|)T 



L 



ff„02ii^^, and 



~ Xl<2(to,i/|,|)-."''(logl/|e|)i* 

^|j/|>2(logl/|e|)-v y 

So again the contribution goes to zero. 



17. Theorem 7 for R2B away from the indicatrices. 
At an intersection point p = {z, w) of La.m -^|,m have 

s\e\ < \w\<C\e\ 

s\e\ < \w - P{e)\ < C\e\. 



So 



log|e|-C < -at) - 6m < log |e| + C 
log \e\-C < -av' - bu' < log |e| + C. 
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This gives: 

-C < v-v'<C 

-C < n-m<C 

log(l/<5) < z;,z;'<log(l/|e|)-C 

-C71og(l/|e|) < u,u',n,m<C\og{l/\e\). 



Given (a, (3,n,m) we need to estimate the values of v,v' corresponding to an 
intersection, as well as the number of intersections. The following is immediate. 
There is no dependence on a, /3. 

Lemma 25. At intersection points ofLa,n, L'j^ ^ in R2B away from the indicatrices, 
we have 

^2nbn/a + l/alog(l/|e|) -C <v,v' < -2nbn/a + 1/a log(l/|e|) + C. 

It follows that intersection points are localized in bounded rectangles. To show 
finiteness of number of intersection points for given plaques, we use slope estimates. 

We divide the estimates in two cases, (i) if v, v' ~ log(l/|e|) and (ii) if log(l/5) < 
^;,^;'< l/C71og(l/|e|). 



18. Theorem 7 for i?2Bi when v log(l/|e|) 

Recall that this means that for a large constant A, ^ log < v < A log . The 
estimates for ha,n and are similiar. We have 

U + iV = (u + ivy 

~ C/ + i(log(l/|e|)r 
\U\ <~ (log(l/|e|)r, 



and at intersection points 

f ~ (log(l/|e|))^ 

ha,n J ^a(X) (iog(l/|,|))2^ + _ U)^'^^ 

^ I Ha(x)-T-^ — ,},, ,,, dx 

4|<C(log(l/|e|)). ^ {^Og{l/\e\))l 

+ J\x\> C(log(l/|e|))TF„(a;)^^^iMl)Zda; 

^ / H \x\^/^-^ ( ^ 

ilxKCdogd/N)). ' \{\og{l/\e\))^) log(l/|e 

■/|x|>C(log(l/|e|))-v V 



1-1/7 1 

dx 



i;,_i/ (iog(i/|6|)r V+^/^ i_ 



x\ ) log(l/|e|) 
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We estimate the total contribution, 

i|x|>C(log(l/|e|))7 V Fl / 



which will converge to by Proposition 1. 



19. Theorem 7 for R2Bii when v < ^log(l/|e|) 

In this case we have u,u',n,m ~ log(l/|e|). The estimates for ha,n,h'j^^^ are 
similar. In the following < d « 1. More precisely, d will be close to \a\A, see the 
4th inequality below. 



(l-d)log(l/|e|) < 

log|e|-C < 

log|e| +2n67r- C < 

-dlog(l/|e|)-C < 



2nbTT < (l + d)log(l/|e|) 
~av — bu < log |e| + C 
-av < log |e| + 26n7r + C 
-ai)<rflog(l/|e|) + C. 



In U, V coordinates: 

U + iV = {u + iv) 



(log(l/|e|)r+i(log(l/|e|)r-i^;. 



This gives 



/ 



''"^'^^((log(l/|e|))7-i«)2 + (x-f/)2°'^- 



When we sum up over /Iq,„, ft.^ ^ we can take for simplicity n = m and v = v' 
since |n — m|, |i; — are uniformly bounded in R2B as stated above. The product 
of contributions is estimated by 



(log(l/|e|))'^-it; 



((log(l/|e|))7-l^;)2 + (a;-^7)2 

(iog(i/kl))^-^^ 

((l0g(l/|e|))7-l^;)2 + (y-[/)S 



dx 



dy 
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So 



ha,nh%m ^ if H^{x) ^ dx 

J\x-u\<{\og{i/\€\))-i-^v\ (,iog(i/|e|jjT V 

J|a;-i7|>(log(l/|e|))-v-i|,;| \X - ^ ) 

* [ / Hf}{y)- — 7-7|^-|T-— 

J|j/-i7|<(log(l/|e|))7-ib| (l0g(l/|e|))')' 



7|j/-!7|>(log(l/|e|))7-i|^| (.2/ - j 



'|y-C/|>(log(l/|e|))7-i|„| 

= [I + II][III + IV]. 

There are 4 cases to sum over: (/, ///), (//, ///), (//, IV) and (/, IV). The 
(/, IV) is similar to (//, ///) so we can skip it without any loss. 



20. Theorem 7 for R2Bii{i,in) 



We have 



* / ^jj{y)- — , /Mxx^_i dy 
J\v-u\<{\os{i/\e\))y-^v\ (log(l/|e|j)^ 

< ^ [ ~ ^ 

~ J\x-U\<l/C(\oE(l/\e\))-< ^""^^^ (l0g(l/|e|))T-l'^^ 

* /.-c/|<i/c(iog(i/|e|)).^''^^\log(l/|e|))^-i'^^ 



|y-C/|<l/C(log(l/|e|))7 

Hoc{x)\x\^''^-''dx 



1 

'"'^ J|x-;7|<l/C(log(l/|€|))^ 



/ IIfi{y)\y\^'''-^dy. 

y|j/-C/|<l/C(log(l/|e|))7 



Since 



log(l/5) < v<l/A\og{l/\e\) 



we get 



dlog(l/|e|) 
log(l/5) ■'J- ^|x-C/|<l/C(log(l/|e|))-v 

HM\y\^'^~^dy, or 



/.dlog(l/|e|) 1 p 

Y.<n^km ^ -2 H„{x)\x\^/'r-^dx 



'lj;-£/|<i/C(log(l/le|))v 

Y.^a,nh%^m < T-4rjT, [ H^{x)\x\'/'^-' dx 

'-^ iOg(i/dj y|x-!7|<l/C(log(l/|e|))i 

* / Usi{y)\v\^'^~^dy. 

J\y-V\<\IC(\oR{\l\(.m-< 
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Finally 

T.K,nhl^ < / H^{x)\x\'/^-'dx 

^ 10g(i/dj J|a:-(log(l/|e|))^|<l/C(log(l/|e|))^ 

* / 

i|j/-(log(l 

This contribution goes to zero when e 0. 

21. Theorem 7 for R2Bii(ii,iii) 



H0{y)\y\^''<-^dy. 

/|e|))7|<l/C(log(l/|e|))7 



We estimate 

(log(l/|e|)r-i^ 

l\x-U\>(\o^{l/\e\))'^-^v\ 



J|a;-i7|>(log(l/|e|))T-i|i)| \X - ) 

f ~ 1 

* / Hjiiy)— — , ,1 ... _. dy. 
J\v-u\<(\oE(i/m-<-^v\ (log(l/|e|))'' 



Here log(l/5) <v < rflog(l/|e|), < << 1 and -av = \og\c\ +2bmi + 0{l). 
Also we can take n = m. When we sum over n, v runs through log(l/(5) < v < 
rflog(l/|e|). Hence the contribution to the geometric wedge product is 



trt ..-.ZJ. i.J\x-U\>{\og{l/\e\))~<-^v\ {X-U) 

H/3{y)dy 



i 



(7|<(log(l/|e|))^-i|«| 
diog{l/\e\) 

/ Ha{x) - dx 

«=log(l/5)"^l=^-(l°s(VNI)M>(log(l/|e|)^-M^I " - (l0g(l/|e|)^)2 

H0{y)dy 

y-(log(l/|e|))^|<(log(l/|e|))v-i|«| 

Wc introduce a counting function, N{x,y), which tells us for a given {x,y) for 
how many terms of the sum [x, y) is in the domain of integration for the above 
integrals: 

|a:-(log(l/|e|))^| > (log(l/|6|)r->| 
\y-{log{l/\em < (log(l/|e|)r->|. 



We divide the above domain. 

Pi = {|:r-(log(l/|e|)r|>d(log(l/|e|)r, 



|y- (log(l/|e|))^| < log(l/5)(log(l/|e|)r-i} 
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in which case 

N,{x,y) ~ rflog(l/|e|). 

p, = {|x-(iog(i/|6|)ri>d(iog(i/|.|)r, 

log(l/<5)(log(l/|e|))^-i < |t/- (log(l/|e|)r| < d(log(l/|e|))^}, 



for Pa 
N2ix,y) 



for P3 



daog(i/iei)r^iy-(iog(i/ie|)ri 

(l0g(l/|e|))7-l 

{log(l/<5)(log(l/|e|))^-i < |x- (log(l/|e|)n < d(log(l/|e|))^ 
fog(l/^)(log(l/|e|))T-i < |y- aog(l/|e|))^| < d(log(l/|e|))n, 



N,{x,y) ~ k-ao g(i/iei)ri-iy-(iog(i/N)ri 



aog(l/|e|))7-i 
when positive 



(log(l/|e|))-/-i- 



22. Theorem 7 for R2bu(ii,iii)p^ 
This gives the estimate for the product 

^ .iog(VN)X^^4Mf|;^ 

/ K{x)\x\^^''-^\x\^-^hHp{y)\y\y'^-^ 
ip, (a;-(log(l/|e|))7)2((log(l/|e|)7)i/7-i ^Wl 

Jp, |x-(log(l/|e|))7|i-i/7((log(l/|e|)7)V7 ' 







when e — > 0. 



23. Theorem 7 for R2Bii{ii,iii)P2 

We get the estimate 
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Ha{x)H0{y) d(log(l/|e|))^ -\y- (log( l/|e|)r| ^^^^ 



{x-{\ogil/\em^ (log(l/|e|))7-i 

4 (x-(log(l/|e|)r)2 I 1 
rf(log(l/|e|)r-|y-(log(l/|e|)r| 
(log(l/|e|))7-i 



Using the definition of P2, 

* (d(log(l/|e|))^ -\y- {\og{l /\e\)y\)dxdy 

^ (rf(log(l/|e|)r~|y-(log(l/|e|)r|) 
|a;-(log(l/|e|))7| 

^ 



as e ^ 0. 

24. Theorem 7 for R2Bu(ii,iii)p^ 
We estimate, using the definition of P3. 

^ ^ yp3(a=-(log(l/|.|))7)2(log(l/|e|))7-i'^^^2/ 



x 



-1/7 



P3 (x- (log(l/|e|))7)2(((log(l/|e|))7)i/7-i)2 



^"^ ^dxdy 



(log(l/|e|))^- 

^„(a;)|a;|V7-i#^(2^)|y|i/7-i 



P3 (x-(log(l/|e|))7)2(log(l/|e|))2-27 

N - y| 



(log(l/kl))--'^'^ 
/ H„{x)\x\'/'^-'His{y)\y\'/''-' 

\x - y\ 



(x-(log(l/|e|))7)2(log(l/|e|))i-7 



J— dxdy. 
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Hence 



n.m J 



|:r-(log(l/|e|))'r|(log(l/|e|))i-7'^'^'^^ 
/ H^{x)\x\''''-'Hp{y)\y\'''<-^ 

log(l/(5)(log(l/|e|))^-i(log(l/kl))^-^'^'''^^ 
J^;^!^ Ha{x)\x\'^''-'H0{y)\y\'/''"'dxdy 




because we can choose 6 small enough. 



25. Theorem 7 for R2Bii{ii,iv) 
Recall from Lemma 24 that: 

-2n67r/a+ l/alog(l/|e|) -C <v,v' < -2n}m/a + l/alog(l/|e|) + C. 

We estimate the contribution 



Ha (x) — ^ dx 



'|x-C/|>(log(l/|e|))-v-i|i;| {x - U)^ 

Sl ogil/\e\)r- ^v 
{y - Uf 

a:-(log(l/|e|))^|>(log(l/|e|))^-ilt;| " (iOg(l/ |e| j )T j 



J\x-U\>(\og(l/\e\))i-^\v\ 
y|!/-C/|>(log(l/|e|))7-i|v| 



'|!/-(log(l/|e|))T|>(log(l/|e|))7-i|^| {V " (log(l/|e|))T) 



/ Hp{y)- 

■/|w-(log(l/|e|))T|>nog(l/k|))-v-i|w| ( 



dy 



Note that when we sum over n, v depends linearly on n and as seen above, ranges 
from log 1/(5 to dlog(l/|e|), < « 1. 

Hence we need to estimate the expression I {a, /J)for given (a, (3): 



dlog(l/|e|) |^^^— 1; 

m / H- ^ , (log(l/|e|))^ 

i(a,pj := > / Ha{x)- J- — No *^^ 

fc=iogi/5 ■^k-(iog(i/|e|))-v|>(iog(i/|e|))-v-ifc (a; - (log(l/|e|))T) 

■/|s/-(log(l/|e|))7|>(log(l/|e|))7-ife (2/- (l0g(l/|e|))T)2 
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We introduce the integrals 
Ij,a '■ = 



and 



(log(l/|e|))^-ij<|a;-(log(l/|€|))^|<(log(l/|€|))T-iO + l) ~ (log(l/|e|))^)2 

H^[x) ^ dx 

(log(l/|e|))7-ij<|x-(log(l/|e|))-v|<(log(l/|e|))-v-i(j+l) " i^(log(l/|e|))^-^ 

Hoc{x)\x\^''^-'^dx 



(log(l/|e|))^-ij<|x-(log(l/|e|))7|<(log(l/|e|))7-i(j+l) 



1/. 



L 
I 

Jd 



|x-(log(l/|e|))-i'|>d(log(l/|6|))-)' {X- (iOg(l/|e|jjT) 

1 



+ 



ci(log(l/|e|))T<|x-(log(l/|e|))T|<Cd(Iog(l/|e|))T (log(l/|e|))T+l 

|x-(iog(i/|€|))T|>c(iog(i/|e|))T a;2 



rdx 



(log(l/| 



L_ j H^{x)\x\'h-idx 



= II 



and similarly for (3. 
We get: 



<ilog(l/|e|) 

/(a,/3) = ^ 

fe=logl/5 

dlog(l/|e|) 

fe=logl/(5 

dlog(l/|e|) 

= E 

fe=iogi/a 

dlog(l/|e|) 

fc=logl/5 

dlog(l/|€|) 

~t~ ^ ^ ^ -^oo,a-^oo,/3 

fc=log l/<5 

= J + 7/ + JJ/ + /y 



dlog(l/|e|) 

E ^j." I + 



dlog(l/|e|) 



dlog(l/|e|) f 
j=k 



dlog(l/|£|) 



,-2 



i—k 



'/dlog(l/|e 

I E ^»./3)+w 

^<ilog(l/|e|) 



oo,/3 



■dlog(l/|e|) f 
i2 



i=k 



dlog(l/|e|) 

+ j: e 

/s=log 1/5 



■<ilog(l/|e|) f 
j=fe 



Here // and /// are symmetric. It suffices to estimate II. 
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We estimate IV first. Since ^ (log(l/kl))^: this is immediately small when 
multiplied with Ioo,a, loc.p- For //, we get: 



dlog(l/|c|) 

II = ^ ^ k Ica,a 

fc=log 1/(5 

rfiog(i/i«i: 

loo, a ^ ^ 

fe=logl/<5 

1 



< 



< 



dlog(l/|e|) 

E 



12' 



<ilog(l/|e|) 



(log(l/kl)) 




Finally we estimate /. 



rflog(l/|e|) 

= E 

fe=log 1/(5 
rflog(l/kl) 

E p 

fe=log 1/5 



rflog(l/|£|) ~ 

j=k 

rflog(l/|£|) 

E ^^-^ 

j=k 



dlog(l/|e|) f 

i — k 

■dlog(l/|e|) 

E 

i—k 



We can make this as small as we wish by choosing 5 small. 

26. Proof of Theorem 4 

Proof. We use the approach in [5]. 

Let T be a positive harmonic current directed by T . We want to show that 
/T A T = 0. Let = and define T/ as the average of using a small 

neighborhood of identity in t/(3). Then since T, we have / TAT = hm^^o / TA 

T,. On the other hand T^ ^ uj + dSf + 95^ + iddui and S'f ^ in L^. So 
/ T ATf — \^m\s\.\S'\^o,\s\,\S'\«e J T^ AT^ . Hence as in |8] it is enough to show that 



A T^' = 0. 



lim 

<5,<5',e^O,|<5|,|<5'|<<|, 

We can compute the geometric intersection T/ A T^ and it is enough to estimate 
Ag T. Recall that if </) is a test function supported in B, then we define 



< T, Ag T, > = 



J2 ^{p)H^{p)H'p{p)dfi{a)dfi{p). 



where ^ consists of intersection points of Aq and A| . The following Lemma is 



in- 



proved in [8] . 

Lemma 26. FFe /iai;e t/iai JTAT,^ JT AgT,. The same holds for T\ Tf . 



<T,Ag T,(I)><CU\U 



J' « 



H^{p)H'p{p)dii{a)dti{P), 



58 



JOHN ERIK FORN^SS, NESSIM SIBONY 



We know that the number of points in ^ is bounded by a fixed constant 
independent of e. For p out of a fixed neighborhood of the singularities the integral 
converges to zero. This is the case considered in [5]. So it is enough to show that 
for (5 > small enough 



U5) j Y,Ho.{p)Hl{p)dti{a)dti{P) 



is arbitrarily small. This is precisely the content of Theorem 7, since all estimates 
are valid after composition by automorphisms in a small neighborhood of f/(3). 

Consequently if Ti,T2 are two such currents then J ^^-j^ A ^^-j^ — 0. Hence 
/ Ti A T2 = 0, therefore Ti, T2 are proportional. 

□ 

We give a dynamical consequence of the uniqueness of the harmonic current for 
T &T-L{d), here 1-L{d) is the Zariski open set of foliations of degree d, introduced in 
Theorem 2. 

Corollary 2. Let J- £ T-L{d). Let (j) : A ^ L be the universal covering of a leaf 

L. Let Tr := ||0''pog+ i^A*']]] ' ^^^^ lim^^i — T, where T is the unique harmonic 
current directed by T . 

Here denotes the disc of center and radius r. The Corollary which is a 
consequence of paragraph 5 in [8] says that the normalized images of [log^ pjA^.] 
converge to T. This is similar to the pointwise ergodic theorem, since we are aver- 
aging on an orbit. 

Recall that the limit set of a leaf L is defined as lim(L) = n„L\i^„, where 
Kn C ifn+i is an exhaustion of L by compact sets. One of the main questions in 
foliation theory is to describe the limit set of a foliation T: lim(jF) Ulgj^- lim(L). 
Corollary 2 implies in particular that for T G 'H{d), for every leaf L £ lim(L) 
contains supp(T). Indeed as shown in [8], 



log+ ^A, 

\z\ 



as r 1. Hence supp(r) d L \ Kn for every n. 

Corollary 3. The map X T\ is continuous from Ti.(d) with values in the positive 
harmonic currents of mass one. Let T\ be a holomorphic family of foliations in 
'H{d). Let (Tx) be the associated currents. If a hyperbolic point Pq G Supp{Txg), 
then the perturbed hyperbolic point px belongs to Supp{Tx). 

Proof. Assume Tx^ J'Xo in 'H{d). Let {Tx„) be the normalized positive harmonic 
currents associated to J^x„- Since ||Ta^|| = 1, the sequence {Tx„) has cluster points. 
It is clear that any cluster point S is positive harmonic and directed by J^Xo ■ So 
S — Tx„ by uniqueness. Assume the support of Ta,, intersects a ball B{po, r) where 
Pq is a hyperbolic singular point of Pxa ^^nd ball is contained in the common 
domain of linearization of px € Sing(^A);PA Po, P\ hyperbolic. 

From our local study of positive harmonic currents near a hyperbolic singular 
point po G Supp(rx„). Since Tx Tx„, Tx gives mass to B{pQ,r), applying again 
the local study for Tx we get that px & Supp(rA). 

□ 
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Remark 2. Let / be a holomorphic endomorphism of P^. Let The a foliation with 
only hyperbolic singularities. Then f*J-^ is a foliaton and its singularities are not 
necessarily hyperbolic. However there is only one positive harmonic current of mass 
1, directed by f*!F. Indeed let T be any such current. We will show that J T/\T — 
which implies the uniqueness. Observe that f^T is a current directed by J-. Hence 
J f^T /\ f^T = 0. Since /* is a finite covering of degree (P we have 



JtaT< J rif.TA f,T] ^d? j f,T A UT 



0. 



27. Measure associated to a harmonic current 

Let T E Ti.(d) be a holomorphic foliation as in Theorem 2. We know that there 
is a unique positive harmonic current T of mass one directed by J-'. 

We are going to associate to T a conformal, measurable metric along leaves that 
we will denote by gx and also a positive finite measure fiT which is invariant under 
the harmonic flow associated also to T. The metric qt and the measure /it where 
first considered by S. Frankel, in the non singular case 9 he proved in that case a 
version of Proposition 2 and Proposition 3. 

On a flow box B disjoint from E — Sing(J^), the current T can be written 



T = J ha[Va]dii{a) 



where ha are positive harmonic functions and /i is a positive measure on a transver- 
sal A. The [Va] are the currents of integration on plaques. On B, dT — t AT with 
r = ^p^, /I almost everywhere. Observe that r is independent of the choice of ■ 
if we replace by Cah^, Ca G K"*" then r is unchanged. 

We define the metric gx on leaves by gr = (8) t. Along the plaque Va with a 
choice of coordinate (zq) we have 



dha ^ 



dzo 



J^dZa ctzQ (1) 



Define Ct — {{o:,z); ^^{a,z) = 0} it's the critical set of the "metric" gx- We 
also define the current of bidegree (2, 2), /x^, which we identify with a measure 

Ht := ir At a T. 
In local coordinates in a flow box B, we have: 



— di/{a) 



dha 



dZa 



— {idzaAdz^). (2) 



Proposition 2. Let T G Ti.{d). The metric gx has constant negative curvature out 
of the set Ct where the metric vanishes. 

Proof. Since the current T is unique, every measurable set of leaves A has zero or full 
measure with respect to ||r||. Define A/'g :— {leaves on which vanishes identically}. 
Since ha is measurable, then Mg is measurable. So Afg is of zero or full measure. 
But if Afg is of full measure, dT — and by conjugation dT = 0, hence T is closed. 
A foliation J- in Ti.{d) admits no positive closed current directed by J- since all 
singularities are hyperbolic. So Mg is of zero ||T|| measure. 
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From (1) it is clear that the metric is conformaL On a flow box B, the curvature 
K{g) has the following expression out of Ct- The curvature is given by 

lAlogg 1 Alog/i„ 



dha 



dza 



1 

hi 



So 



«(.9t) 



ha.z]'^ \dz \ ha 



Since ha is harmonic we get K,{gT) = — 1- 



□ 



Because of the nature of the singularities, the leaves are uniformized by the unit 
disc A. Let g denote the Poincare metric on leaves. We choose a normalization so 
that the curvature K{g) of g on leaves is —1. 

Proposition 3. Let T he the harmonic current associated to & T-L{d). If gr is 

the associated metric on leaves, then g^ < g- 

Proof. We have normalized the metric gr so that on each leaf La , gr has curvature 
— 1 on La \ C{T). The Ahlfors' Schwarz lemma, applied to the abstract Riemann 
surface La \ Ct implies that gr < 9- D 

We will denote by <I>q : A — !■ the uniformizing map from A to £«. When 
we fix a transversal A in a flow box we can choose for each a G A a, uniformizing 
map $a(0) = a, then vary measurably. We will denote by Fq the group of deck 
transformations for the map 

We want to define a vector field x on associated to the current T. The vector 
field will be defined as the metric gr only ||T|| a.e. On La,Xa is coUinear with the 
gradient field of ha- We define Xa on a fiow box with local coordinates Za = Xa+iVa 
by 

Xa •= C 1^ |2 {hxa , hy^ ) . 

We choose the constant c so that gT{Xa,Xa) = 1- The vector field Xa is inde- 
pendent of the choice of h. It blows up at every point of Ct- Which means that the 
integral curves of Xa approach these points at infinite speed. So we have to take 
out these trajectories in order to have a well defined flow. Observe that the set of 
these trajectories is of ht measure zero. It is clear that the integral curves of Xa 
arc along the level sets of the harmonic conjugates of ha such that fa = ha+ iVa 
is holomorphic. 

Theorem 9. Let T be the positive harmonic current associated to £ Tl{d). Then 
the measure fiT is finite- Moreover, if !F\ is a holomorphic family of foliations in 

Hid), A € A(Ao,r), then the m,ass of fiT^ near hyperbolic singularities is uniformly 
small in a fixed neighborhood of the singularities. 

Proof. For a flow box B away from the singularities, it is clear that Ht has finite 
mass. Indeed the functions ha are positive harmonic, and by Harnack < c, 

hence ^t has finite mass in B. It is enough to show that ht has finite mass in a fiow 
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box Bi near a hyperbolic singularity given by w = zdw — Xwdz, X = a + ib,b ^ 0. 
We use the parametrization 

V,„(C) = (e^(C+a°gl«l)/f),ae'^(C+Oogl«l)/'')) 

by a sector near the hyperbolic singularity. Since 'i/'a^a — is a positive harmonic 
function and /x a.e. -ffa(C) ~^ when 3( — > +oo, then again by Harnack tpai^) is 
bounded. The total mass of /xt in -Bj satisfies 

V'a[^a] is a graph in the flow box. It is of bounded area and Jjj(^^^ ^■^HadiJ,{a) 
defines a bounded harmonic function. So the mass /xt is bounded near the origin. 

Basically the slicing of ht along the leaves gives the area measure on leaves 
associated to the metric gT- Let T\ be the current associated to Tx, and let ji^ 
denote the corresponding measure on a transversal. The linearizations associated 
to a holomorphically varying hyperbolic singularity vary holomorphically. Then 
/ H^d^^{a) when 3^ +oo, uniformly when A is near Aq. (Wc don't say 
that vary holomorphically.) So the mass of is uniformly small in a fixed 
neighborhood of the singularities if A is close enough to Aq. 

□ 

Theorem 10. Let X ^ J^x be a holomorphic family of foliations in 'H{d), parametrized 
by a disc A. Then X ^ fix is a continuous family of measures. 

Proof. Let {Tx) be the family of the positive harmonic currents directed by J^x- 
Recall that = irx ATx ATx- 

Fix a flow box B for J^Xo away from the singularities. We can consider {(j)x) local 
biholomorphisms straightening Tx in B, when A — > Aq. We know that the currents 
Sx ■= {4>x)*Tx depend continuously on A. We can write in B, 



Sx = j[w = a]h^{z)dij,x{a) 



where fxx is the measure on a fixed transversal {z = zq). We can assume that 
h^{zo) = 1 for all a, A. 

Since Sx — > Sxo then for every z we have h^{z)iJ.x{cx) — > h^" uxoicx) weakly when 
A-^ Ao. 

The (/i^)^ also vary slowly, by Harnack, so we also get that A {h^{z))'^iJ,x{ct) 
is continuous for every z. Define 



Ux:= j [w = a]{hl)\z)dfix{a). 



The family of positive currents Ux is also continuous because (/j^)^ is uniformly 
bounded. It follows that A iddUx is continuous i.e. 



\hl^f[w = a]dnx{a). 



Using again Harnack inequalities for , we find that A — > /Ut^ is continuous in 



B. 
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Wc have seen in Theorem 9 that /i^A has uniformly small mass near the singu- 
larities. Hence A ht^ is continuous. 

□ 

Let \gj-\ denote the measure induced by the metric qt on the leaf La- We will 
omit a, most frequently. 

We will say that a set E is invariant if up to a set of measure zero, it is a union 
of orbits of x- For a measurable set E we denote by Ea the intersection E (1 L^. 

Theorem 11. Either there is an invariant set E for x such that for \\T\\ almost 
every leaf L^, I^t ](-£'«) > (^iT-d \gT\{E^) > or the measure fiT is ergodic. 

Proof. Fix a countable family (Bj) of flow boxes such that UiBi = (Sing(jF). Let 
E be an invariant set for % such that iit{E) > 0. Define Ei = {a; \gT\{Lar\Er\Bi) = 
0}. £ := (liEi is measurable. It is a union of leaves. Since the current T is unique 
and Ht{£) = 0, then ||T|| almost every leaf is in £'^. 

For La G S'^, \gT\{Ea) > 0. Wc can do a similar construction for E''' if ^ix{E'^) > 
0. We then get a set of ||T|| full measure of leaves such that \gT\{Ea) > and 

\9Tm) > 0. 

□ 
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